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Äî 10-ði÷÷ÿ ôàêóëüòåòó ìàòåìàòèêè òà

iíôîðìàòèêè

Ôàêóëüòåò ìàòåìàòèêè òà iíôîðìàòèêè óòâîðèâñÿ â 2002 ðîöi âíàñëiäîê
ðåîðãàíiçàöi¨ ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó, ÿêèé ôóíêöiîíóâàâ ç 1940
ðîêó.

Íàâ÷àëüíî-âèõîâíó i íàóêîâî-äîñëiäíó ðîáîòó íà ôàêóëüòåòi çäiéñíþ-
þòü 8 äîêòîðiâ íàóê, ïðîôåñîðiâ, 35 êàíäèäàòiâ íàóê, äîöåíòiâ, 5 àñèñòåí-
òiâ. Äî ÷èòàííÿ îêðåìèõ ñïåöiàëüíèõ äèñöèïëií çàïðîøóþòüñÿ âiäîìi â÷åíi
ç ïðîâiäíèõ íàâ÷àëüíèõ òà íàóêîâèõ çàêëàäiâ Óêðà¨íè. Ñåðåä íèõ ÷ëåí-êîð.
ÍÀÍ Óêðà¨íè, äîêòîðè ôiçèêî-ìàòåìàòè÷íèõ íàóê Ïòàøíèê Á.É., Ïîðòåí-
êî Ì.I., äîêòîðè ôiçèêî-ìàòåìàòè÷íèõ íàóê Êóëèê Î.Ì., Ñòîÿí Â.À., Ï'ÿ-
íèëî ß.Ä., ×åðíóõà Î.Þ., Êóòíiâ Ì.Â., äîêòîðè òåõíi÷íèõ íàóê Ñà÷åíêî
À.Î., Ëþòàê I.Ç. Íà ôàêóëüòåòi íàâ÷à¹òüñÿ 650 ñòóäåíòiâ (ç íèõ 600 � çà
äåííîþ, 50 � çà çàî÷íîþ ôîðìîþ). Íà ôàêóëüòåòi ôóíêöiîíó¹ àñïiðàíòóðà
çà ðiçíèìè ñïåöiàëüíîñòÿìè, ñïåöiàëiçîâàíà Â÷åíà Ðàäà iç çàõèñòó êàíäè-
äàòñüêèõ äèñåðòàöié çà ñïåöiàëüíîñòÿìè �ìàòåìàòè÷íèé àíàëiç� i �ìàòåìà-
òè÷íå ìîäåëþâàííÿ òà îá÷èñëþâàëüíi ìåòîäè� (ôiçèêî-ìàòåìàòè÷íi íàóêè
òà òåõíi÷íi íàóêè), âèäà¹òüñÿ íàóêîâèé æóðíàë �Êàðïàòñüêi ìàòåìàòè÷íi
ïóáëiêàöi¨�, ùî âõîäèòü äî ïåðåëiêó ôàõîâèõ âèäàíü.

Íàïðÿìè ïiäãîòîâêè:

Ìàòåìàòèêà

Ñïåöiàëiçàöi¨: àëãåáðà, ãåîìåòðiÿ, ìàòåìàòè÷íèé àíàëiç, òåîðiÿ éìî-
âiðíîñòåé, äèôåðåíöiàëüíi ðiâíÿííÿ, ôiíàíñîâà òà àêòóàðíà ìàòåìà-
òèêà.

Ñòàòèñòèêà

Ñïåöiàëiçàöi¨: còàòèñòèêà òà àêòóàðíà ñïðàâà, òåîðiÿ éìîâiðíîñòåé òà
ìàòåìàòè÷íà ñòàòèñòèêà.

Ïðèêëàäíà ìàòåìàòèêà

Ñïåöiàëiçàöi¨: ìàòåìàòè÷íå i êîìï'þòåðíå ìîäåëþâàííÿ, êîìï'þòåðíà
ìàòåìàòèêà, ìàòåìàòè÷íå òà iíôîðìàöiéíå çàáåçïå÷åííÿ åêîíîìi÷íî¨
äiÿëüíîñòi.

Iíôîðìàòèêà

Ñïåöiàëiçàöi¨: iíôîðìàöiéíi ñèñòåìè i òåõíîëîãi¨, iíôîðìàöiéíi òåõíî-
ëîãi¨ â íàóöi, îñâiòi i âèðîáíèöòâi, ñèñòåìíå àäìiíiñòðóâàííÿ êîìï'þ-
òåðíèõ ìåðåæ, Web-òåõíîëîãi¨.
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Îñíîâíi íàïðÿìêè íàóêîâèõ äîñëiäæåíü ôàêóëüòåòó: ðîçðîáêà àíàëi-
òè÷íèõ òà àíàëiòèêî-÷èñëîâèõ ìåòîäiâ äîñëiäæåííÿ äèôóçiéíèõ ïðîöåñiâ
ó âèïàäêîâî íåîäíîðiäíèõ øàðóâàòèõ òiëàõ; êàòåãîðíi ìåòîäè â òîïîëîãi¨
òà àëãåáði; àëãåáðà¨÷íi ìåòîäè â êîìáiíàòîðèöi; òåîðåòè÷íi òà ìåòîäè÷íi
îñíîâè ïîáóäîâè êîìï'þòåðíèõ êîìïîíåíòiâ òà ñèñòåì íà áàçi áiò îði¹íòî-
âàíî¨ âåðòèêàëüíî¨ iíôîòåõíîëîãi¨; âïðîâàäæåííÿ ñó÷àñíèõ iíôîðìàöiéíèõ
òåõíîëîãié â íàâ÷àëüíèé ïðîöåñ ñåðåäíiõ òà âèùèõ çàêëàäiâ îñâiòè; éìî-
âiðíiñíi òà ñòàòèñòè÷íi ìåòîäè äîñëiäæåíü; ìåòîäè÷íi àñïåêòè âèêëàäàííÿ
ìàòåìàòè÷íèõ äèñöèïëií; òåîðåòè÷íi òà ìåòîäîëîãi÷íi îñíîâè ðîçðîáêè àâ-
òîìàòèçîâàíèõ ñèñòåì ïåðåäà÷i òà êîíòðîëþ çíàíü; ïðîáëåìè êîìï'þòåð-
íîãî ìîäåëþâàííÿ.

Ìiæíàðîäíå ñïiâðîáiòíèöòâî ôàêóëüòåòó çäiéñíþ¹òüñÿ ó ôîðìi ðåàëi-
çàöi¨ ñïiëüíèõ íàóêîâèõ ïðîåêòiâ, ïóáëiêàöié, ñòàæóâàííÿ âèêëàäà÷iâ. Íà-
ëàãîäæåíî ñïiâïðàöþ ç íàóêîâöÿìè i âèêëàäà÷àìè Êðàêiâñüêî¨ ïîëiòåõíi-
êè, Êðàêiâñüêî¨ ãiðíè÷î-ìåòàëóðãiéíî¨ àêàäåìi¨ (Ïîëüùà), Æåøiâñüêîãî
óíiâåðñèòåòó (Ïîëüùà), Ïiâíi÷íîãî óíiâåðñèòåòó ì. Áàÿ-Ìàðå (Ðóìóíiÿ),
Êàçàíñüêîãî óíiâåðñèòåòó (Ðîñiÿ), Áiëîðóñüêîãî äåðæàâíîãî óíiâåðñèòåòó
(Áiëîðóñiÿ), Òåõíi÷íîãî óíiâåðñèòåòó Ëiëëü-1 (Ôðàíöiÿ), Óíiâåðñèòåòó Âà-
ëåíñi¨ (Iñïàíiÿ), Óíiâåðñèòåòó Ëþáëÿíè (Ñëîâåíiÿ). Ùîðîêó âèêëàäà÷i ôà-
êóëüòåòó ïðîõîäÿòü ñòàæóâàííÿ â öèõ óíiâåðñèòåòàõ òà çäiéñíþþòü ñïiëüíi
íàóêîâi ïîøóêè.
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1 Ïëåíàðíi äîïîâiäi

Ïðî ñåêâåíöiàëüíå çàìèêàííÿ ïîëiíîìiâ ó ïðîñòîði
íàðiçíî íåïåðåðâíèõ ôóíêöié

Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à,
Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò

math.analysis.chnu@gmail.com

Íà ïðîñòîði S = CC[0, 1]2 âñiõ íàðiçíî íåïåðåðâíèõ ôóíêöié f : [0, 1]2 →
R ïðèðîäíèì ÷èíîì ââîäÿòüñÿ ïåðåäíîðìè

‖f‖x = ‖fx‖∞ i ‖f‖y = ‖fy‖∞ (x, y ∈ [0, 1]),

äå fx(y) = fy(x) = f(x, y), ‖ · ‖∞ � ìàêñèìóì-íîðìà íà ïðîñòîði C[0, 1] âñiõ
íåïåðåðâíèõ ôóíêöié íà [0, 1]. Âîíè ïîðîäæóþòü ëîêàëüíî îïóêëó òîïîëî-
ãiþ T íà S. Çàìèêàííÿ ìíîæèíè A ó òîïîëîãi÷íîìó ïðîñòîði ìè ïîçíà÷à-
òèìåìî ÷åðåç A, à ñåêâåíöiàëüíå çàìèêàííÿ � ñèìâîëîì A

s
. Ç äîïîìîãîþ

ìíîãî÷ëåíiâ Áåðíøòåéíà Bn ëåãêî ç'ÿñóâàòè [1], ùî äëÿ êîæíî¨ ôóíêöi¨
f ∈ S ôóíêöi¨ fn(x, y) = (Bnf

x)(y) ñóêóïíî íåïåðåðâíi, ïîëiíîìiàëüíi âiä-
íîñíî äðóãî¨ çìiííî¨ i ‖f − fn‖x → 0 äëÿ êîæíîãî x ∈ [0, 1]. Òîìó ïîñòàëî
ïðèðîäíå ïèòàííÿ: ÿêèì áóäå ñåêâåíöiàëüíå çàìèêàííÿ P

s
ìíîæèíè P âñiõ

ïîëiíîìiâ g : [0, 1]2 → R âiä äâîõ çìiííèõ ó ïðîñòîði (S, T ), çîêðåìà, ÷è
P
s

= S?

Íåõàé C = C[0, 1]2 � ïðîñòið óñiõ ñóêóïíî íåïåðåðâíèõ ôóíêöié f :
[0, 1]2 → R. Ç äîïîìîãîþ òåîðåìè Âåé¹ðøòðàññà ïðî ðiâíîìiðíå íàáëèæå-
ííÿ ôóíêöié f ∈ C ìíîãî÷ëåíàìè g ∈ P íåñêëàäíî äîâåñòè òàêå.

Òåîðåìà 1 P = C i P
s

= C
s
ó ïðîñòîði (S, T ).

Íà îñíîâi òåîðåìè Òiòöå-Óðèñîíà çâiäñè îòðèìó¹òüñÿ

Òåîðåìà 2 P = C = S.

Çíàéòè ñåêâåíöiàëüíå çàìèêàííÿ P
s
ïîêè ùî íå âäàëîñÿ. Îòðèìàíi ëè-

øå ÷àñòêîâi ðåçóëüòàòè.

Òåîðåìà 3 Êîæíà ôóíêöiÿ f ∈ S, ìíîæèíà D(f) óñiõ òî÷îê ðîçðè-
âó ÿêî¨ ìà¹ äèñêðåòíi ïðîåêöi¨ íà îáèäâi îñi, çîêðåìà, êëàñè÷íà ôóíêöiÿ
Øâàðöà sp(x, y) = 2xy

x2+y2 , (x, y) 6= (0, 0), sp(0, 0) = 0, ÷è, çàãàëüíiøå, ôóí-

êöi¨ çi ñêií÷åííèì ÷èñëîì ðîçðèâiâ, íàëåæèòü äî P
s
.
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Ðåíå Áåð ñâîþ äèñåðòàöiþ [2] ïî÷èíà¹ ç ïðèêëàäó íàðiçíî íåïåðåðâíî¨
ôóíêöi¨ çi çëi÷åííîþ ìíîæèíîþ òî÷îê ðîçðèâó E = {pk : k ∈ N}, äå pk 6= pj
ïðè k 6= j, ÿêà çàäà¹òüñÿ òàê:

f0(p) =

∞∑
k=1

1

2k
sp(p− pk).

Ïîêè ùî íåâiäîìî, ÷è f0 ∈ P
s
ó çàãàëüíîìó âèïàäêó. Íåâiäîìî òàêîæ, ÷è

S \ P s 6= ∅.
Ç äîïîìîãîþ êàòåãîðíèõ ìiðêóâàíü ìîæíà äîâåñòè òàêèé ðåçóëüòàò.

Òåîðåìà 4 Íåõàé f ∈ P s ó ïðîñòîði (S, T ). Òîäi äëÿ êîæíîãî ε > 0 iñíó-
þòü òàêi çàëèøêîâi Gδ-ìíîæèíè A i B íà âiäðiçêó [0, 1], ùî äëÿ êîæíî¨
òî÷êè p0 = (x0, y0) ∈ A × B iñíóþòü îêîëè U òî÷êè x0 i V òî÷êè y0 i
ñóêóïíî íåïåðåðâíà ôóíêöiÿ g : [0, 1]2 → R, òàêi, ùî

|f(p)− g(p)| ≤ ε íà xp(U × V ) = (U × [0, 1]) ∪ ([0, 1]× V ).

Ïîçíà÷èìî ñèìâîëîì M ñóêóïíiñòü óñiõ ôóíêöié f ∈ S, ÿêi ìàþòü âëà-
ñòèâiñòü, âêàçàíó â òåîðåìi 4. Ëåãêî çðîçóìiòè, ùî ôóíêöi¨ f ∈M ìàþòü i
òàêó âëàñòèâiñòü: äëÿ êîæíîãî ε > 0 iñíóþòü òàêi çàëèøêîâi Gδ-ìíîæèíè A
i B íà [0, 1], ùî äëÿ êîæíî¨ òî÷êè p0 = (x0, y0) ∈ A×B iñíóþòü òàêi îêîëè U
i V òî÷îê x0 i y0 âiäïîâiäíî, ùî ωf (p) ≤ ε íà xp(U×V ). Öÿ âëàñòèâiñòü ðiâ-
íîñèëüíà òîìó, ùî ïðîåêöi¨ ìíîæèíè D(f) óñiõ òî÷îê ðîçðèâó ôóíêöi¨ f íà
îáèäâi âiñi ¹ ìíîæèíàìè ïåðøî¨ êàòåãîði¨. Ùå Ð.Áåð äîâiâ [2], ùî òàêó âëà-
ñòèâiñòü ìà¹ êîæíà ôóíêöiÿ f ∈ S. Íàñòóïíèé ðåçóëüòàò âñòàíîâëþ¹òüñÿ ç
äîïîìîãîþ öi¹¨ òåîðåìè Áåðà i òåîðåìè Ãàíà-Ä'¹äîííå-Òîí à-Êàòåòîâà [3,
c.105]

Òåîðåìà 5 M = S.

Çàóâàæèìî, ùî f0 ∈ M . Ôóíêöiÿ f0 ¹ ðiâíîìiðíîþ ãðàíèöåþ ïîñëiäîâ-

íîñòi ôóíêöié fn(p) =
n∑
k=1

1
2k
sp(p− pk), ÿêi âõîäÿòü â P

s
. Íà æàëü, íå ÿñíî

÷è âèòðèìó¹ ìíîæèíà P
s
ïåðåõiä äî ðiâíîìiðíî¨ ãðàíèöi, à îò ðiâíîìiðíà

ãðàíèöÿ ïîñëiäîâíîñòi ôóíêöié ç M çàëèøà¹òüñÿ ó öié æå ìíîæèíi.

[1] Âëàñþê Ã., Ìàñëþ÷åíêî Â.Ê.Ìíîãî÷ëåíè Áåðíøòåéíà i íàðiçíî íåïåðåðâíi ôóíêöi¨
// Íàóê. âiñíèê ×åðíiâåöüêîãî óí-òó. Âèï. 336-337. Ìàòåìàòèêà. � ×åðíiâöi: Ðóòà,
2007. � Ñ. 52-59.
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[2] Baire R. Sur les fonctions de variables re�elles // Ann. Mat. Pura Appl., ser.3. � 1899. �
3. � P.1-123.

[3] Ýíãåëüêèíã Ð. Îáùàÿ òîïîëîãèÿ/ Ð. Ýíãåëüêèíã. � Ì.: Ìèð, 1986. � 752ñ.

Àëãåáðè ñèìåòðè÷íèõ òà áëî÷íî-ñèìåòðè÷íèõ
àíàëiòè÷íèõ ôóíêöié íà áàíàõîâèõ ïðîñòîðàõ

Çàãîðîäíþê À.Â., Êðàâöiâ Â.Â., ×åðíåãà I.Â.

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�,

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè ÍÀÍ Óêðà¨íè

andriyzag@yahoo.com

Íåõàé X � áàíàõiâ ïðîñòið. Ïîçíà÷èìî ÷åðåç Hbs(X) � àëãåáðó ñèìå-
òðè÷íèõ àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó íà ïðîñòîði X, à ÷åðåç
Mbs(X) � ñïåêòð öi¹¨ àëãåáðè.

Ðîçãëÿíåìî ïðîñòið X s∞ = ⊕1Cs � íåñêií÷åííà `1-ñóìà êîïié ïðîñòîðó

Cs ç íîðìîþ ‖x‖ =
∞∑
i=1

‖xi‖, äå âåêòîð x ∈ X s∞ i xi ∈ Cs. Áóäåìî êàçàòè, ùî

ïîëiíîì P íà ïðîñòîði X s∞ íàçèâà¹òüñÿ áëî÷íî-ñèìåòðè÷íèì (âåêòîðíî-
ñèìåòðè÷íèì), ÿêùî:

P (x1, x2, . . . , xm, . . .) = P (xσ(1), xσ(2), . . . , xσ(m), . . .),

äå xi ∈ Cs i σ � äîâiëüíà ïiäñòàíîâêà íà ìíîæèíi N. Ïîçíà÷èìî Pvs(X s∞)
� àëãåáðó áëî÷íî-ñèìåòðè÷íèõ ïîëiíîìiâ íà ïðîñòîði X s∞, Hbvs(X s∞) � àë-
ãåáðó áëî÷íî-ñèìåòðè÷íèõ àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó íà ïðî-
ñòîði X s∞, à ÷åðåç Mbvs(X s∞) � ñïåêòð öi¹¨ àëãåáðè.

Ó äîïîïâiäi áóäå îïèñàíî ñïåêòð Mbs(X) àëãåáðè Hbs(X) ÿê ôóíêöi¨
åêñïîíåíöiàëüíîãî òèïó i ñïåêòð Mbvs(X 2

∞) àëãåáðè Hbvs(X 2
∞) ÿê ôóíêöi¨

åêñïîíåíöiàëüíîãî òèïó âiä äâîõ çìiííèõ ç �ïëîñêèìè� íóëÿìè [1, 2].

[1] Chernega I., Galindo P., Zagorodnyuk A. The convolution operation on the spectra of
algebras of symmetric analytic functions // J. Math. Anal. Appl. � 2012. � V. 395. �
P. 569�577.

[2] Çàãîðîäíþê À.Â., Êðàâöiâ Â.Â. Ñïåêòð àëãåáðè áëî÷íî-ñèìåòðè÷íèõ àíàëiòè÷íèõ
ôóíêöié // Ïðèêëàäíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè. � 2011. � Âèï.9. � Ñ. 47�54.
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2 Ñåêöiéíi äîïîâiäi

Áðåéñè òà ãðóïè

Îðåñò Ä. Àðòåìîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

orest_artemovych@hotmail.com

Íàãàäà¹ìî [1], ùî àáåëåâà ãðóïà (A,+) ç ìíîæåííÿì

∗ : A×A→ A

íàçèâà¹òüñÿ áðåéñîì, ÿêùî äëÿ áóäü-ÿêèõ åëåìåíòiâ a, b, c ∈ A âèêîíóþòüñÿ
òàêi äâi óìîâè:

i) (a+ b) ∗ c = (a ∗ c) + (b ∗ c),

ii) A � ãðóïà ñòîñîâíî îïåðàöi¨ êðóãîâîãî ìíîæåííÿ "◦", âèçíà÷åíîãî çà
ïðàâèëîì

a ◦ b = a+ b+ (a ∗ b).

Ãðóïà (A, ◦) íàçèâà¹òüñÿ ïðè¹äíàíîþ ãðóïîþ áðåéñà A i ïîçíà÷à¹òüñÿ ñèì-
âîëîì A◦. Áðåéñ A � àñîöiàòèâíå êiëüöå òîäi i òiëüêè òîäi, êîëè âií ¹ ðàäè-
êàëüíèì (â ñåíñi Äæåêîáñîíà) êiëüöåì.

Íàìè, çîêðåìà, ïîáóäîâàíî áðåéñ öiëèõ ÷èñåë (Z,+, ∗) i âñòàíîâëåíà
òàêà

Òåîðåìà 1 Ïðè¹äíàíà ãðóïà Z◦ áðåéñà öiëèõ ÷èñåë (Z,+, ∗) ìà¹ òàêi âëà-
ñòèâîñòi:

(1) Z◦ = 〈2〉 o 〈1〉 � íàïiâïðÿìèé äîáóòîê íåñêií÷åííî¨ íîðìàëüíî¨ öè-
êëi÷íî¨ ïiäãðóïè 〈2〉 i öèêëi÷íî¨ ïiäãðóïè 〈1〉 ïîðÿäêó 2;

(2) êîæåí ÷ëåí íèæíüîãî öåíòðàëüíîãî ðÿäó γk(Z◦) = 〈2k〉 öèêëi÷íèé
(k ≥ 2);

(3) êîæíà ïiäãðóïà â Z◦ àáî ñêií÷åííà, àáî ñêií÷åííîãî iíäåêñà;

(4) ãðóïà Z◦ ðåçèäóàëüíî àïðîêñèìîâíà i ðåçèäóàëüíî íiëüïîòåíòíà;

(5) öåíòð Z(Z◦) îäèíè÷íèé;

(6) ãðóïà Z◦ = 〈1, 3〉 ïîðîäæó¹òüñÿ äâîìà iíâîëþöiÿìè 1 i 3.

Âñi íåîáõiäíi òåîðåòèêî-ãðóïîâi îçíà÷åííÿ i ôàêòè ìîæíà çíàéòè â [2],
[3] i [4].
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[1] W. Rump, Braces, radical rings, and the quantum Yang-Baxter equation,
J. Algebra. 307 (2007), 153�170.

[2] L. V. Skaskiv, O. D. Artemovych, Groups associated with braces, Carpathi-
an Math. Publ. 3 (2011), no 1, 4�14.

[3] Ì. È. Êàïãàïîëîâ, Þ. È. Ìåðçëÿêîâ, Îñíîâû òåîðèè ãðóïï. � Íàóêà,
Ìîñêâà, 1982. � 288 ñ.

[4] D. J. S. Robinson, A Course in the Theory of Groups, Graduate Text in
Math., 80, Springer-Verlag, New York Heidelberg Berlin, 1980. � 481 p.

The categorial and equivariant movabilityes as invariants
under the topologycal conjugations of inverse discrete

nonautonomic dynamical systems

Bogdan Atamanyuk

Precarpathian University. Ukraine.

bogdat@ukr.net, bogdat07@gmail.com

My investigation is devoted to di�erent kinds of movability and its preservi-
ng under the topologycal conjugations. We consider a nonautonomic discrete
dynamical system as inverse spectrum.

Theorem 1 The categorial movability by Mardesic is preserved under the topologi-
cal conjugations.

Theorem 2 R-movability for any class R of topological spaces is invariant
under the topological conjugations.

Theorem 3 Premovability relatively the spectrum assY is an invariant relati-
vely that same spectrum assY under the topological conjugations.

Theorem 4 If topological conjugation has same G-orbital type with the map
which realized the equivariant movability relatively of groop G then its equivari-
ant movability is preserved under the topological conjugation.

Theorem 5 Let E and B are arbitrary G-spaces. Let the equivariant map p of
E onto B satis�es to the axiom of equivariant roof homotopy for any G-space
that is p must be G-strati�cation. If the topological conjugation has G-orbital
type than image under the topological conjugation also is G-strati�cation.
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We remark than he main necessary results and de�nitions were given by
Gevorgyan in his doctoral investigation.

Absorbing systems and dimensions related to metric

Natalia Mazurenko

Precarpathian National University

mnatali@ukr.net

The theory of absorbing systems (see, e.g., [2]) is a generalization of the theory
of absorbing sets [1]. The characterization results of the theory of absorbing
systems have numerous applications in di�erent parts of mathematics, in parti-
cular, in the dimension theory.

We consider the hyperspaces of compacta with various dimension properti-
es in the euclidean spaces, Riemannian manifolds and the Hilbert spaces. In
particular, we consider the Hausdor� dimension, the packing dimension, the
fractal dimension, and the Minkowski Bouligand dimension. In some cases, the
topology of systems determined by these dimensional functions can be descri-
bed by means of the theory of absorbing systems in the Hilbert cube (Hilbert
cube manifolds) and the Hilbert space.

We also consider the topology of the hyperspaces of self-similar sets and
sub-self-similar sets [3].

[1] Bestvina M., Mogilski J. Characterizing certain incomplete in�nite-dimensional
absolute retracts, Michigan Math. J. 33(1986), 291� 313.

[2] Gladdines H. Absorbing systems in in�nite-dimensional manifolds and applications.
Amsterdam: Vrije Universiteit, 1994. 117 p.

[3] M. McClure, R. W. Vallin, The Borel Structure of the Collections of Sub-Self-Similar
Sets and Super-Self-Similar Sets, Acta Mathematica Universitatis Comenianae. New
Series, 69(2000), 145 � 149.
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Ïðîñòið âiäêðèòèõ ôàêòîðîá¹êòiâ êàíòîðîâî¨ ìíîæèíè

Êîïîðõ Êàòåðèíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

katerynka.k@gmail.com

Íåõàé X, Yi, äå i = 1, 2 � êîìïàêòíi ãàóñäîðôîâi ïðîñòîðè. Íåõàé
fi : X −→ Yi � ñþð'¹êòèâíi íåïåðåðâíi âiäîáðàæåííÿ òîïîëîãi÷íèõ ïðî-
ñòîðiâ, i = 1, 2. Êàæåìî, ùî f1 åêâiâàëåíòíå f2, ÿêùî iñíó¹ ãîìåîìîðôiçì
h : Y1 −→ Y2 òàêèé, ùî h◦f1 = f2. Ïîçíà÷èìî ÷åðåç 〈f〉 êàëàñ åêâiâàëåíòíî-
ñòi, ùî ìiñòèòü âiäîáðàæåííÿ f , íàçâåìî 〈f〉 � ôàêòîðîá'¹êòîì ïðîñòîðó
X. ßê çâè÷àéíî, expX ïîçíà÷à¹ìî ïðîñòið íåïîðîæíiõ çàìêíåíèõ ïiäìíî-
æèí òîïîëîãi÷íîãî ïðîñòîðó X, íàäiëåíèé òîïîëîãi¹þ Âi¹òîðiñà.

Íåõàé

Ψ(X) = {〈f〉 | f : X −→ Y − âiäêðèòå âiäîáðàæåííÿ }.

Êîæíå âiäêðèòå âiäîáðàæåííÿ f : X −→ Y ïîðäæó¹ ðîçáèòòÿ {f−1(f(x)) |
x ∈ X} ∈ exp2(X). Îòîòîæíèâøè 〈f〉 ç âiäïîâiäíèì ðîçáèòòÿì, ìîæåìî
ââàæàòè, ùî Ψ(X) ⊂ exp2(X) [2].

ßêùîX � êîìïàêòíèé ìåòðè÷íèé ïðîñòið, òî íà ìíîæèíi Ψ(X) ðîçãëÿ-
äà¹ìî òîïîëîãiþ, iíäóêîâàíó òîïîëîãi¹þ Âi¹òîðiñà (ìåòðèêîþ Ãàóñäîðôà)
íà exp2(X).

Íåõàé X = C � êàíòîðîâà ìíîæèíà. Êàíòîðîâà ìíîæèíà ¹ íóëüâèìið-
íè, äîñêîíàëèì (íå ìiñòèòü içîëüîâàíèõ òî÷îê), ïîâíèì êîìïàêòíèì ìå-
òðè÷íèì ïðîñòîðîì. Äîâåäåíî, ùî Ψ(C) ¹ íiäå íå ëîêîëüíî êîìïàêòíîþ,
Gδ ïiäìíîæèíîþ ïðîñòîðó (exp2 C, τV ). Òàêèì ÷èíîì ìà¹ ìiñöå íàñòóïíà
òåîðåìà.

Òåîðåìà 1 Ïðîñòið Ψ(C) âiäêðèòèõ ôàêòîðîá'¹êòiâ êàíòîðîâî¨ ìíîæè-
íè ãîìåîìîðôíèé ïðîñòîð ωω iððàöiîíàëüíèõ ÷èñåë.

[1] Å.Â.Ùåïèí, Òîïîëîãèÿ ïðåäåëüíûõ ïðîñòðàíñòâ íåñ÷åòíûõ îáðàòíûõ ñïåêòðîâ//
Óñïåõè ìàò. íàóê.-1976.- ò.31,âûï.5(191).ñòð.197.

[2] Ê.Êîïîðõ, Òîïîëîãiÿ Âi¹òîðiñà íà ïðîñòîði âiäêðèòèõ ôàêòîðîá'¹êòiâ êîìïà-
êòíîãî ãàóñäîðôîâîãî ïðîñòîðó// Ïðàöi ìiæíàðîäíîãî ãåîìåòðè÷íîãî öåíòðó. �
2010 � Òîì 3, �4,� Ñ.35-42.

9



Matrix Burgers-type systems and nonlinear integrable
equations

Berkela Yuriy1, Sanitska Alla2, Sydorenko Yuriy3

1Carpathian Biosphere Reserve, 2Lviv Institute of Economy and Tourism,
3Ivan Franko National University of Lviv

y_sydorenko@franko.lviv.ua

We consider binary transformations and their reductions for constructing
the exact solutions of nonlinear integrable equations that admit di�erential
and integro-di�erential Lax-Zakharov-Shabat representations (e.g., so called
symmetry reductions of the KP-hierarchy and their multicomponent generali-
zations [1, 2]). Such transformations were introduced as nonlinear nonlocal
mappings of su�ciently smooth (N ×K)-matrix functions ϕ, ψ and ϕ̃ of the
following forms:

(ϕ,ψ) 7−→ (Φ,Ψ) : Φ = ϕΩ−1[ψ,ϕ,C], Ψ = ψΩ−1,>[ψ,ϕ,C],
Ω[ψ,ϕ,C] = C +D−1{ψ>ϕ}, (1)

ϕ̃ 7−→ Φ̃ : Φ̃ = ϕ̃Ω−1[ ¯̃ϕ, ϕ̃x, C̃], (2)

where C and C̃ are (K×K)-constant matrices, D := ∂
∂x , D

−1 is the integration
operator (its realization depends on a concrete situation). The inverse mappings
have the following forms:

(Φ,Ψ) 7−→(ϕ,ψ) : ϕ= −ΦΩ−1[Ψ,Φ,−C−1], ψ = −ΨΩ−1,>[Ψ,Φ,−C−1],
Ω[Ψ,Φ,−C−1] = −C−1 +D−1{Ψ>Φ}, (3)

Φ̃ 7−→ ϕ̃ : ϕ̃ = Φ̃Ω−1[ ¯̃Φ, Φ̃x, C̃
−1]. (4)

Transformations (1) and (2) connect linear di�erential equations for functi-
ons ϕ ,ψ and ϕ̃ with nonlinear C-integrable Burgers-type systems for functions
Φ, Ψ, Φ̃. Solutions of those Burgers-type models are connected with the exact
solutions of S-integrable systems of soliton theory (including multisoliton-type
solution). In terms of transformation operators

W = I − ϕΩ−1[ψ,ϕ,C]D−1ψ> W̃ = I − ϕ̃Ω−1[ ¯̃ϕ, ϕ̃x, C̃]D−1ϕ̃∗D (5)

we can represent the functions ϕ, ψ of (1) and ϕ̃ of (2) as: ΦC = W{ϕ},
ΨC> = W−1,τ{ψ} and Φ̃C̃ = W̃{ϕ̃}.

Our approach is a synthesis of the famous Zakharov-Shabat dressing method
[3], the projection method in operator algebras due to V.A. Marchenko [4],
and Darboux-Crum-Matveev binary transformations method [4]. In particular,
using this approach, we obtained in [6] exact solutions of some multicomponent
(1+1)-dimensional integrable models.
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[1] B. Konopelchenko, J. Sidorenko, W. Strampp, Phys. Lett. A, 157, 17 (1991).

[2] J. Sidorenko, W. Strampp, J. Math. Phys. 34 (4), 1429 (1993)

[3] V.E. Zakharov, A.B. Shabat, Funct. Anal. Appl. 8 (3), 43 (1974); 13 (3), 13 (1979)

[4] V.A. Marchenko, Nonlinear equations and operator algebras. Dordrecht, Boston,
Lancaster, Tokyo, Reidel, 1988.

[5] V.B. Matveev, M.A. Salle, Darboux transformations and solitons., Springer-Verlag,
Berlin Heidelberg, 1991.

[6] Yu.M. Sydorenko, O.I. Chvartatskyi, Visnyk Lviv Univ. Ser. Mech. Math. 74, 181 (2011).
(in Ukrainian)

Ïðî äåÿêi êóòîâi îáëàñòi çáiæíîñòi 1-ïåðiîäè÷íèõ
ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó

Áîäíàð Ä.I., Áóáíÿê Ì.Ì., Âîçíÿê Î.Ã.

Òåðíîïiëüñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò

dmytro_bodnar@hotmail.com, maria.bubnyak@gmail.com, olvoz@ukr.net

Ðîçãëÿíåìî 1-ïåðiîäè÷íèé ãiëëÿñòèé ëàíöþãîâèé äðiá (ÃËÄ) âèãëÿäó(
1 +

∞
D
k=1

ik−1∑
ik=1

cik
1

)−1

, (1)

äå cj 6= 0 � êîìïëåêñíi ÷èñëà
(
j = 1, N

)
, i0 = N � ôiêñîâàíå íàòóðàëüíå

÷èñëî.

Íåõàé Fn =

(
1 +

n

D
k=1

ik−1∑
ik=1

cik
1

)−1

� n-èé ïiäõiäíèé äðiá ÃËÄ (1) (n > 1,

F0 = 1); R(m)
n = 1+

n

D
k=1

jk−1∑
jk=1

cjk
1
� n-èé çàëèøîêm-ãî ïîðÿäêó (n > 1, j0 = m,

R
(m)
0 = 1, R(0)

n = 1).

Âèêîðèñòîâóþ÷è çàãàëüíó ôîðìóëó äëÿ äiéñíèõ ÷àñòèí çàëèøêiâ [1],
îäåðæàíî

Òåîðåìà 1 Íåõàé åëåìåíòè 1-ïåðiîäè÷íîãî ÃËÄ (1) çàäîâîëüíÿþòü óìî-
âè: cj ∈ Ω (j = 1, N), äå

Ω =

{
z ∈ C : | arg z| <

π

2N

}⋂
{z ∈ C : |z| ≤ 1} .
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Òîäi äðiá (1) çáiãà¹òüñÿ i ñïðàâäæó¹òüñÿ îöiíêà øâèäêiñòi çáiæíîñòi

|Fn+1 − Fn| ≤ L
(

N − 1

N + n− 1

)
q

n+ 1

3


(n ≥ 2),

äå L =
∏N
j=1 |cj |2, q =

C2

1 + C2
, C = max

k=1,N
{|ck|}, [x]� öiëà ÷àñòèíà x.

[1] Àíòîíîâà Ò.Ì. Øâèäêiñòü çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî
âèãëäÿó // Âîëèíñüêèé ìàòåìàòè÷íèé âiñíèê. � 1999. � âèïóñê 6. � Ñ.3-8.

[2] Áîäíàð Ä.È.Âåòâÿùèåñÿ öåïíûå äðîáè. � Ê.: Íàóêà, 1986. � 176 ñ.

Äèôåðåíöiþâàííÿ, ïîâ'ÿçàíi çi ñïåêòðîì, íà àëãåáði
òèïó Âiíåðà ôóíêöié, ïîðîäæåíèõ (p, q)-ïîëiíîìàìè íà

áàíàõîâîìó ïðîñòîði

Âàñèëèøèí Òàðàñ Âàñèëüîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà

taras vasylyshyn@mail.ru

Íåõàé X � áàíàõiâ ïðîñòið. ×åðåç P(p,qX) áóäåìî ïîçíà÷àòè ïðîñòið íåïå-
ðåðâíèõ (p, q)-ïîëiíîìiâ íà ïðîñòîðiX. Ïîçíà÷èìîW0(X) àëãåáðó ôóíêöié
âèãëÿäó f =

∑n
m=0

∑m
k=0 fk,m−k, äå fk,m−k ∈ P(k,m−kX). Äëÿ êîæíîãî

ðàöiîíàëüíîãî r > 0 ââåäåìî íà àëãåáði W0(X) íîðìó

‖f‖r =

n∑
m=0

m∑
k=0

sup
‖x‖≤r

|fk,m−k(x)|.

Òàêèì ÷èíîì, îòðèìàëè çëi÷åííó ñèñòåìó íîðì {‖ · ‖r : r ∈ Q, r > 0}.
Ïîïîâíåííÿ àëãåáðè W0(X) ó ìåòðèöi, ïîðîäæåíié öi¹þ ñèñòåìîþ íîðì,
ïîçíà÷èìî W(X). Àëãåáðà W(X) ¹ àëãåáðîþ Ôðåøå.

Ó äîïîâiäi áóäå ðîçãëÿíóòî äèôåðåíöiþâàííÿ, ïîâ'ÿçàíi çi ñïåêòðîì àë-
ãåáðè W(X).
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Çðîñòàííÿ öiëèõ ôóíêöié â òåðìiíàõ óçàãàëüíåíèõ
ïîðÿäêiâ

Ãëîâà Ò.ß., Ôiëåâè÷ Ï.Â.

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà

hlova_taras@ukr.net, �levych@mail.ru

Íåõàé Φ � îïóêëà íà [x0,+∞) ôóíêöiÿ òàêà, ùî Φ(x)
x → +∞, x → +∞,

f(z) =
∑∞
n=0 anz

n � òðàíñöåíäåíòíà öiëà ôóíêöiÿ, M(r, f) � ìàêñèìóì
ìîäóëÿ f ,

ρΦ(f) = lim
r→+∞

ln lnM(r, f)

ln Φ(ln r)
, cΦ = lim

x→+∞

lnx

ln Φ(x)
, dΦ = lim

x→+∞

ln ln Φ′+(x)

ln Φ(x)
.

Íàìè äîâåäåíî [1], ùî óìîâà dΦ ≤ cΦ ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ òîãî,
ùîá óçàãàëüíåíèé ïîðÿäîê ρΦ(f) êîæíî¨ òðàíñöåíäåíòíî¨ öiëî¨ ôóíêöi¨ f
íå çàëåæàâ âiä àðãóìåíòiâ êîåôiöi¹íòiâ an (÷è âèçíà÷àâñÿ ïîñëiäîâíiñòþ
(|an|)).

[1] Ãëîâà Ò. ß., Ôiëåâè÷ Ï. Â. Çðîñòàííÿ öiëèõ ôóíêöié â òåðìiíàõ óçàãàëüíåíèõ ïî-
ðÿäêiâ // Êàðïàòñüêi ìàòåìàòè÷íi ïóáëiêàöi¨. � 2012. � Ò. 4, � 1. � C. 28�35.

Îïåðàòîðè êîìïîçèöi¨ íà ãiëüáåðòîâîìó ïðîñòîði
ñèìåòðè÷íèõ àíàëiòè÷íèõ ôóíêöié

Ãîëóá÷àê Îëåã Ìèõàéëîâè÷

Iâàíî-Ôðàíêiâñüêèé êîëåäæ Ëüâiâñüêîãî íàöiîíàëüíîãî
àãðàðíîãî óíiâåðñèòåòó,

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè

oleggol@ukr.net

Íåõàé Ps(`1) � ïðîñòið ñèìåòðè÷íèõ ïîëiíîìiâ íà `1. Âiäîìî, ùî ïîëiíîìè

Pk(x) =

∞∑
i=1

xki

13



óòâîðþþòü àëãåáðà¨÷íèé áàçèñ â Ps(`1). Òàêîæ âiäîìî, ùî ïîëiíîìè âè-
ãëÿäó Pλ = Pλ1 · Pλ2 · ... · Pλm óòâîðþþòü ëiíiéíèé áàçèñ â Ps(`1), äå
Pλk(x) =

∑∞
i=1 x

λk
i , λ = (λ1, λ2, ..., λm) � äåÿêå ðîçáèòòÿ íàòóðàëüíîãî

÷èñëà n, òîáòî λ1 + λ2 + ... + λm = n. Ó äîïîâiäi áóäå ðîçãëÿíóòî îïåðà-
òîðè êîìïîçèöi¨ íà ãiëüáåðòîâîìó ïðîñòîði Hs ñèìåòðè÷íèõ àíàëiòè÷íèõ
ôóíêöié íà `1 ç îðòîíîðìîâàíèì áàçèñîì {Pλ} òà âiäòâîðþþ÷å ÿäðî öüîãî
ïðîñòîðó.

Spherical derivative and the distribution of values of
meromor�c functions

Zabolotskyi Mykola Vasyljovych

Ivan Franko Lviv National University

m_zabol@franko.lviv.ua

Let M be the class of meromorphic functions, ϕ is an arbitrary function
de�ning on (0,+∞) and satisfying to condition

lim
r→+∞

rϕ(r) > 0.

Denote
M(ϕ) =

{
f ∈M : lim

z→∞
ρ(f(z))/ϕ(|z|) =∞

}
,

where ρ(f(z)) = |f ′(z)|/
(
1 + |f(z)|2

)
is the spherical derivative of f .

Let us call the set E,E ∈ C, as Picard set for some class B of functions if
for every function f ∈ B the Picar's theorem is true in C\E . It means that
equation f(z) = a has the �nite set of solutions in C\E for arbitrary a ∈ C
except the set of two values.

Theorem 1 Let E = (an) is the sequence of numbers, E ∈ C and E has only
one point of convergence at in�nity. If

(∀ε > 0) (∃n0 ∈ N) (∀n ≥ n0) :
{
z : |z − an| < ε/ϕ(|an|)

}
∩ E = {an},

then the set E is Picard set for the class of functionsM(ϕ).

Let T (r, f) be the Nevanlinna's characteristic of meromorphic function f,
m(r, f) = 1

2π

∫ 2π

0
ln+ |f(reiθ)|dθ. We denote Nevanlinna's exeptional value by

δ(a, f) = lim
r→+∞

m(r, a, f)

T (r, f)
.
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Òåîðåìà 2 Let Φ is the log-convex function, Φ(2r) = O(Φ(r)), r → +∞,
f ∈ M, and there exists a ∈ C such that δ(a, f) > 0. If T (r, f) 6= O(Φ(r)),
r → +∞, then f ∈M(Φ′).

Çâ'ÿçîê òåîði¨ ãiïåðöèêëi÷íèõ îïåðàòîðiâ òà âiëüíèõ
áàíàõîâèõ ïðîñòîðiâ

Çàãîðîäíþê À.Â., Ìàðöiíêiâ Ì.Â.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

andriyzag@yahoo.com, mariadubey@gmail.com

Íåõàé E � íîðìîâàíèé ïðîñòið,X � ìåòðè÷íèé ïðîñòið, ç äåÿêîþ ôiêñîâà-
íîþ òî÷êîþ θ, íà ÿêîìó ìîæíà çàäàòè íîðìó α çà ôîðìóëîþ α(x) = ρ(θ, x)
äëÿ äîâiëüíîãî åëåìåíòà x ∈ X. Âiäîìî, ùî iñíó¹ ¹äèíèé, ç òî÷íiñòþ äî
içîìåòðè÷íîãî içîìîðôiçìó, áàíàõiâ ïðîñòið B(X), à òàêîæ içîìåòðè÷íå
âêëàäåííÿ ν : X → B(X) òàêi, ùî äîâiëüíå ëiïøèöåâå âiäîáðàæåííÿ F ç
ìåòðè÷íîãî ïðîñòîðó ç ôiêñîâàíîþ òî÷êîþ ìîæå áóòè ïðîäîâæåíå äî ëi-
íiéíîãî íåïåðåðâíîãî îïåðàòîðà F̃ : B(X) → E, ïðè÷îìó ‖F̃‖ = LF äëÿ
äîâiëüíîãî íîðìîâàíîãî ïðîñòîðó E. Ïðîñòið B(X) íàçèâà¹òüñÿ âiëüíèì
áàíàõîâèì ïðîñòîðîì. Âiäîáðàæåííÿ F ç ìåòðè÷íîãî ïðîñòîðó X â ñåáå
íàçèâà¹òüñÿ òîïîëîãi÷íî òðàíçèòèâíèì, ÿêùî iñíó¹ åëåìåíò x ∈ X, òà-
êèé ùî îðáiòà Orb(F, x) = {Fn(x) = F ◦ · · · ◦ F︸ ︷︷ ︸

n

(x) : n ∈ N} áóäå ùiëüíîþ â

X. Ëiíiéíèé íåïåðåðâíèé îïåðàòîð T íà ïðîñòîði Ôðåøå E â ñåáå íàçèâà-
¹òüñÿ ãiïåðöèêëi÷íèì, ÿêùî T ¹ òîïîëîãi÷íî òðàíçèòèâíèì. Âåêòîð x ∈ E
äëÿ ÿêîãî Orb(T, x) ¹ ùiëüíîþ â E íàçèâà¹òüñÿ ãiïåðöèêëi÷íèì âåêòîðîì
îïåðàòîðà T. Ëiíiéíèé íåïåðåðâíèé îïåðàòîð T : E → E íàçèâà¹òüñÿ öè-
êëi÷íèì, ÿêùî äëÿ äåÿêîãî âåêòîðà x ∈ E ëiíiéíà îáîëîíêà spanOrb(T, x)
¹ ùiëüíîþ â E. Çîêðåìà, äîâåäåíî íàñòóïíi òåîðåìè.

Òåîðåìà 1 Íåõàé (X, θ) � ïîâíèé ìåòðè÷íèé ïðîñòið ç âiäìi÷åíîþ òî-
÷êîþ θ i F : X → X ¹ òîïîëîãi÷íî òðàíçèòèâíèì âiäîáðàæåííÿì ç
F (θ) = θ. Òîäi ëiíiéíèé îïåðàòîð F̂ : B(X)→ B(X) áóäå öèêëi÷íèì.

Òåîðåìà 2 Íåõàé E � ñåïàðàáåëüíèé ïðîñòið Ôðåøå. ßêùî T : E → E
� ãiïåðöèêëi÷íèé îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ êðèòåðié ãiïåðöèêëi÷íîñòi,
òî T̂ : B(E) → B(E) � òàêîæ ãiïåðöèêëi÷íèé îïåðàòîð i çàäîâîëüíÿ¹
êðèòåðié ãiïåðöèêëi÷íîñòi.
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Çðîñòàííÿ êàíîíi÷íèõ äîáóòêiâ Âåé¹ðøòðàññà
íóëüîâîãî ðîäó ç âèïàäêîâèìè íóëÿìè

Çàõàðêî Þ.Á., Ôiëåâè÷ Ï.Â.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò âåòåðèíàðíî¨ ìåäèöèíè òà
áiîòåõíîëîãié iì. Ñ. Ç. Ãæèöüêîãî,

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà

yulia.zaharko@gmail.com, �levych@mail.ru

Íåõàé ζ = (ζn) � êîìïëåêñíà ïîñëiäîâíiñòü íóëüîâîãî ðîäó ç ïîêàçíèêîì

çáiæíîñòi τ , N(r) � ¨¨ óñåðåäíåíà ëi÷èëüíà ôóíêöiÿ, π(z) =
∏(

1− z
ζn

)
�

êàíîíi÷íèé äîáóòîê Âåé¹ðøòðàññà, à M(r) � ìàêñèìóì ìîäóëÿ öüîãî äî-
áóòêó. Âiäîìî [1], ñ. 571, ùî òîäi âèêîíó¹òüñÿ íåðiâíiñòü Âàëóíäà�Âàëiðîíà

lim
r→+∞

N(r)

lnM(r)
≥ C(τ), C(τ) :=

sinπτ

πτ
,

i öÿ íåðiâíiñòü ¹ òî÷íîþ. Íàìè äîâåäåíî, ùî äëÿ áiëüøîñòi (ó éìîâiðíi-
ñíîìó ñåíñi) ïîñëiäîâíîñòåé ζ ñòàëó C(τ) â íåðiâíîñòi Âàëóíäà�Âàëiðîíà
ìîæíà çàìiíèòè ñòàëîþ C

(
τ
2

)
.

[1] Ãîëüäáåðã À.À., Îñòðîâñêèé È.Â. Ðàñïðåäåëåíèå çíà÷åíèé ìåðîìîðôíûõ ôóí-
êöèé. � Ì.: Íàóêà, 1970. � 590 ñ.

Àñèìïòîòè÷íi ðîçêëàäè âåëè÷èí íàáëèæåííÿ ôóíêöié
ç êëàñó Ñîáîë¹âà iíòåãðàëàìè Ïóàññîíà â iíòåãðàëüíié

ìåòðèöi

Õàðêåâè÷ Þ.I., Êàëü÷óê I.Â.

Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

kalchuk_i@ukr.net

Íåõàé L � ïðîñòið 2π�ïåðiîäè÷íèõ ñóìîâíèõ íà ïåðiîäi ôóíêöié, äå íîðìà

çàäàíà íàñòóïíèì ÷èíîì ‖f‖L = ‖f‖1 =
π∫
−π
|f(t)|dt.

Íåõàé f ∈ L. Âåëè÷èíó Pδ(f ;x) = 1
π

π∫
−π

f(t + x)
{

1
2 +

∞∑
k=1

e−
k
δ cos kt

}
dt,

δ > 0, íàçèâàþòü iíòåãðàëîì Ïóàññîíà ôóíêöi¨ f .
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×åðåç W r
1 ïîçíà÷èìî ìíîæèíó 2π�ïåðiîäè÷íèõ ôóíêöié, ÿêi ìàþòü

àáñîëþòíî íåïåðåðâíi ïîõiäíi äî (r − 1)-ãî ïîðÿäêó i ‖f (r) (t) ‖1 ≤ 1.

Âèâ÷à¹òüñÿ ïîâåäiíêà ïðè δ →∞ âåëè÷èíè

E(W r
1 ;Pδ)1 = sup

f∈W r
1

‖f(x)− Pδ(f ;x)‖1.

Òåîðåìà 1 ßêùî r = 2l − 1, l ∈ N, òî ïðè δ → ∞ ìà¹ ìiñöå ïîâíèé
àñèìïòîòè÷íèé ðîçêëàä

E (W r
1 ;Pδ)1

∼=
2

π

(
1

r!

1

δr
ln δ +

∞∑
k=1

βrk
1

δk

)
,

äå

βrk =


(−1)k−1

k! ϕr−k, k < r,

1
r!

(
ln 2 +

r∑
i=1

1
i

)
, k = r,

(−1)k−1

k! σk−r, k > r,

σj =


0, j = 2l − 1,

1
2j−1j!

j∑
i=1

(2i− 1)jaj+1
i − 2j(j−1)!

(2j)!

j−1∑
i=0

(−1)iCij(j − i)2j , j = 2l,

aji =

{
1, i = 1; i = j − 1,

aj−1
i (2i− 1) + aj−1

j−i (2 (j − i)− 1) , 1 < i < j − 1,

ϕj =

{
π
2Kj , j = 2l − 1,
π
2 K̃j , j = 2l,

l ∈ N,

Kn i K̃n � âiäîìi êîíñòàíòè Æ. Ôàâàðà�Í. I. Àõi¹çåðà�Ì. Ã. Êðåéíà:

Kn =
4

π

∞∑
m=0

(−1)
m(n+1)

(2m+ 1)n+1
, n = 0, 1, 2, ..., K̃n =

4

π

∞∑
m=0

(−1)
mn

(2m+ 1)n+1
, n ∈ N.

Òåîðåìà 2 ßêùî r = 2l, l ∈ N, òî ïðè δ → ∞ ìà¹ ìiñöå ïîâíèé àñèìï-
òîòè÷íèé ðîçêëàä

E (W r
1 ;Pδ)1

∼=
4

π

∞∑
k=1

γrk
1

δk
,

äå

γnk =


(−1)k−1

k! ψn−k, k < n,
(−1)n−1π

4n! , k = n,
(−1)n

k! τk−n, k > n,
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τj =


0, j = 2l,

1
2j

j∑
i=1

(−1)i−1aj+1
i , j = 2l − 1,

ψn =

{
π
4 K̃n, n = 2l − 1,
π
4Kn, n = 2l,

l ∈ N.

Ïðî ðiñò õàðàêòåðèñòè÷íèõ ôóíêöié éìîâiðíîñíèõ
çàêîíiâ

Ïëàöèäåì (Ïàðîëÿ) Ìàðòà Iâàíiâíà, Êiíàø Îðåñò Ìèõàéëîâè÷,
Øåðåìåòà Ìèðîñëàâ Ìèêîëàéîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

marta0691@rambler.ru

Íåõàé F (x) - éìîâiðíîñíèé çàêîí. Õàðàêòåðèñòè÷íîþ ôóíêöi¹þ çàêîíó F
íàçèâà¹òüñÿ ôóíêöiÿ

ϕ(z) = ϕ(z;F ) =

∞∫
−∞

eizxdF (x), z ∈ (−∞,∞).

Íåõàé ϕ äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ íà êðóã DR = {z : |z| < R},
0 < R ≤ +∞, òîäi ¨¨ íàçèâàòèìåìî àíàëiòè÷íîþ â DR. Âiäîìî [1, ñ. 37-38],
ùî äëÿ òîãî, ùîá ϕ áóëà àíàëiòè÷íîþ â DR, íåîáõiäíî i äîñèòü, ùîá äëÿ
êîæíîãî r ∈ [ 0, R )

WF (x) =: 1− F (x) + F (−x) = O(e−rx), x→ +∞.

Ïðèéìåìî M(r, ϕ) = max{|ϕ(z)| : |z| = r < R}.
Â òåðìiíàõ óçàãàëüíåíèõ ïîðÿäêiâ òà îöiíîê çíèçó âñòàíîâëåíî çâ'ÿçîê

ìiæ çðîñòàííÿì M(r, ϕ) òà ñïàäàííÿì WF (x).

[1] Ëèííèê Þ.Â., Îñòðîâñüêèé Í.Â.Ðàçëîæåíèå ñëó÷àéíûõ âåëè÷èí è âåêòîðîâ.-
Ì.:Íàóêà-1972-479ñ.
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Àãðåãàöiéíî-iòåðàòèâíi ïðèíöèïè äåêîìïîçèöi¨
îïåðàòîðíèõ ðiâíÿíü â áàíàõîâèõ ïðîñòîðàõ

Êîïà÷ Ì.I., Îáøòà À.Ô., Øóâàð Á.À.

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�,

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

kopachm2009@gmail.com

Ìåòîäè âèíèêëè â 60-òi ðîêè ìèíóëîãî ñòîëiòòÿ ó çâ'ÿçêó çi ñïåöiàëüíèìè
çàäà÷àìè ìàòåìàòè÷íî¨ åêîíîìiêè. Â [1] ïiäêðåñëåíî, ùî öi ìåòîäè íå äîñëi-
äæåíi i óìîâè ¨õ çáiæíîñòi íåâiäîìi, õî÷à ÷èñëåííi ïðèêëàäè ïiäòâåðäæó-
þòü, ùî âîíè ÷àñòî çáiãàþòüñÿ â ñèòóàöi¨, êîëè iíøi ìåòîäè, çîêðåìà, çâè-
÷àéíèé ìåòîä ïîñëiäîâíèõ íàáëèæåíü íå çàñòîñîâíèé. Äëÿ îäíîïàðàìåò-
ðè÷íîãî âèïàäêó, ðîçãëÿíóòîãî â [1], äëÿ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü
âèäó x = Ax+B çáiæíiñòü ìåòîäó ãàðàíòó¹ äîäàòíiñòü åëåìåíòiâ aij ìàòðè-
öi A i íåâiä'¹ìíiñòü êîìïîíåíòiâ bi âåêòîðà B òà íåðiâíiñòü ρ(A) < 1 äëÿ
ñïåêòðàëüíîãî ðàäióñà ìàòðèöi A.

Çàïðîïîíîâàíà àâòîðàìè ìåòîäèêà äîçâîëÿ¹ îõîïèòè ÿê îäíîïàðàìå-
òðè÷íi, òàê i áàãàòîïàðàìåòðè÷íi âèïàäêè. Óìîâè çáiæíîñòi íå ìiñòÿòü,
âçàãàëi êàæó÷è, âèìîã ùîäî çíàêîñòàëîñòi aij , bi i ìîæóòü ñïðàâäæóâà-
òèñü ÿê ïðè ρ(A) < 1 òàê i ïðè ρ(A) ≥ 1. Öi óìîâè ìîæíà âèêîðèñòîâóâàòè
äëÿ çàáåçïå÷åííÿ ÷èñëîâî¨ ñòiéêîñòi ïðè ðåàëiçàöi¨ âiäïîâiäíèõ àëãîðèòìiâ.
Âîíè ïiääàþòüñÿ âðàõóâàííþ ïðè âèêîðèñòàííi ñó÷àñíèõ îá÷èñëþâàëüíèõ
çàñîáiâ, à òàêîõ âðàõîâóþòü ìîæëèâiñòü àäàïòàöi¨, êîëè éäåòüñÿ ïðî ïîò-
ðåáó ðîçïàðàëåëåííÿ îá÷èñëþâàëüíèõ ïðîöåñiâ. Êðiì òîãî, çàïðîïîíîâàíà
ìåòîäèêà äà¹ ìîæëèâiñòü áóäóâàòè i äîñëiäæóâàòè íîâi çàãàëüíiøi âiä òðà-
äèöiéíèõ óìîâè çáiæíîñòi âiäîìèõ iòåðàöiéíèõ ìåòîäiâ. Çàâäÿêè ¨é ïîÿâ-
ëÿ¹òüñÿ çìîãà áóäóâàòè �ñèíòåçîâàíi� iòåðàöiéíi àëãîðèòìè, ÿêi ïî¹äíóþòü
iäå¨ ìåòîäiâ iòåðàòèâíîãî àãðåãóâàííÿ ç iäåÿìè iíøèõ iòåðàöiéíèõ ìåòîäiâ.
Âîíà ïðèäàòíà òàêîæ äëÿ òîãî, ùîá ðîçâèíóòè ¨¨ äëÿ çàñòîñóâàííÿ äî íå-
ëiíiéíèõ ðiâíÿíü, ïî¹äíóþ÷è iäå¨ iòåðàòèâíîãî àãðåãóâàííÿ, íàïðèêëàä, ç
iäå¹þ ìåòîäó Íüþòîíà i áëèçüêèõ äî íüîãî ìåòîäiâ, é âñòàíîâëþâàòè óìî-
âè çáiæíîñòi îòðèìàíèõ òàêèì ñïîñîáîì êîìáiíîâàíèõ àëãîðèòìiâ, ðîçøè-
ðþþ÷è ìîæëèâîñòi âèêîðèñòàííÿ âèñõiäíèõ ìåòîäiâ.

[1] Êðàñíîñåëüñêèé Ì.À., Ëèôøèö Å.À., Ñîáîëåâ À.Â. Ïîçèòèâíûå ëèíåéíûå ñèñòåìû.
� Ì: Íàóêà, 1985. � 255 ñ.
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Àñèìïòîòè÷íå ïîâîäæåííÿ êîåôiöi¹íòiâ Ôóð'¹
àðãóìåíòó öiëèõ ôóíêöié íóëüîâîãî ïîðÿäêó

Êîñòþê Îêñàíà Âîëîäèìèðiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

matmod@franko.lviv.ua

Äîäàòíi, íåñïàäíi, íåîáìåæåíi, íåïåðåðâíî äèôåðåíöiéîâíi íà R+ ôóíêöi¨
áóäåìî íàçèâàòè ôóíêöiÿìè çðîñòàííÿ. Íåõàé L � êëàñ ôóíêöié çðîñòàííÿ
v, äëÿ ÿêèõ

(
rv′(r)

)
/v(r) → 0 ïðè r → +∞, n(r) = n(r, 0, f) � ëi÷èëüíà

ôóíêöiÿ ïîñëiäîâíîñòi íóëiâ (aj) öiëî¨ ôóíêöi¨ f ðîçòàøîâàíèõ ó ïîðÿä-
êó íåñïàäàííÿ ¨õ ìîäóëiâ. Ïîçíà÷èìî ÷åðåç H0(L) êëàñ öiëèõ ôóíêöié f
íóëüîâîãî ïîðÿäêó,f(0) = 1, íóëi ÿêèõ çàäîâîëüíÿþòü óìîâó

∃v ∈ L ∃A > 0 ∀r > 0 : n(r) ≤ Av(r).

×åðåç ak(r), k ∈ Z, ïîçíà÷èìî êîåôiöi¹íòè Ôóð'¹ àðãóìåíòó öiëî¨ ôóíêöi¨
f , òîáòî

ak(r) =
1

2π

∫ 2π

0

arg f(reiϕ)e−ikϕdϕ, k ∈ Z.

Íåõàé aj� íóëi öiëî¨ ôóíêöi¨ f, αj = arg aj , 0 ≤ αj < 2π. Ïîêëàäåìî

nk(r) =
∑
|aj |≤r

e−ikαj , k ∈ Z.

Òåîðåìà 1 Íåõàé f ∈ H0(L) i äëÿ äåÿêèõ k ∈ Z\{0} iñíóþòü ãðàíèöi

lim
r→+∞

nk(r)

v(r)
= δk.

Òîäi äëÿ öèõ k

lim
r→+∞

ak(r)

v(r)
= i

δk
k
.

Òåîðåìà 2 Íåõàé f ∈ H0(L). Òîäi

∃B > 0 ∃r0 > 0 ∀ k ∈ Z\{0} ∀r ≥ r0 : |ak(r)| ≤ B

|k|
v(r).
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Ïðî çðîñòàííÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíêöié
éìîâiðíîñíèõ çàêîíiâ

Êóëÿâåöü Ëþáîâ Âîëîäèìèðiâíà, Øåðåìåòà Ìèðîñëàâ
Ìèêîëàéîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ljubasik26@gmail.com

Íåõàé (λk) - çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë, à

F (s) =

∞∑
k=o

akexp{sλk}, s = σ + it, (1)

- öiëèé ðÿä Äiðiõëå. Ïðèéìåìî M(σ, F ) = sup{|F (σ + it)| : t ∈ R}.
Äëÿ ðÿäó (1) ó òåðìiíàõ ìîäèôiêîâàíèõ óçàãàëüíåíèõ ïîðÿäêiâ âñòàíîâ-

ëåíî çâ'ÿçîê ìiæ çðîñòàííÿì M(σ) = sup {|F (σ + it)| : t ∈ R} i ñïàäàííÿì
an.

Îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äî âèâ÷åííÿ çðîñòàííÿ öiëèõ õàðà-
êòåðèñòè÷íèõ ôóíêöié éìîâiðíîñíèõ çàêîíiâ.

Ìóëüòèïëiêàòèâíi ïîëiíîìiàëüíi âiäîáðàæåííÿ íà
êîìóòàòèâíèõ áàíàõîâèõ àëãåáðàõ

Ëàáà÷óê Îêñàíà Âàñèëiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

olabachuk@gmail.com

Ó äîïîâiäi áóäå ðîçãëÿíóòî ìóëüòèïëiêàòèâíi ïîëiíîìiàëüíi âiäîáðàæåííÿ
íà êîìóòàòèâíèõ àëãåáðàõ. Çîêðåìà, áóäå äîñëiäæåíî ïèòàííÿ ïðî iñíóâàí-
íÿ íåòðèâiàëüíîãî ìóëüòèïëiêàòèâíîãî ïîëiíîìà íà êîìóòàòèâíié àëãåáði.
Òðèâiàëüíèì áóäåìî íàçèâàòè ìóëüòèïëiêàòèâíèé ïîëiíîì, ùî ðîçêëàäà¹-
òüñÿ â äîáóòîê õàðàêòåðiâ.

Òàêîæ ìè äîâåäåì, ùî âñi ìóëüòèïëiêàòèâíi ïîëiíîìiàëüíi ôóíêöiîíàëè
ñòåïåíÿ n íà àëãåáðàõ ïîëiíîìiâ P (C) âiä îäíi¹¨ çìiííî¨ òà P (C2) âiä äâîõ
çìiííèõ áóäóòü òðèâiàëüíèìè.
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Ïðî îäèí êëàñ ñèñòåì ðiâíÿíü êîëìîãîðîâñüêîãî òèïó
ç îäíîâèìiðíèìè ãðóïàìè âèðîäæåííÿ

Áóðòíÿê Iâàí Âîëîäèìèðîâè÷, Ìàëèöüêà Ãàííà Ïåòðiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà

bvanya@meta.ua

Ðîçãëÿäà¹ìî ñèñòåìó ðiâíÿíü

∂tuν(t, x)−
n0−1∑
j=1

xj∂xj+1
uν(t, x) =

n∑
r=1

2∑
k=0

arνk (t)∂kx1
ur(t, x). (1)

ν = 1, ..., n, n0 > 1, n ∈ N, 0 ≤ τ < t ≤ T,

uν(t, x)|t=τ = uν0(x), x ∈ Rn0 , (2)

äå ∂twν(t, x) =
2∑
k=0

n∑
r=1

arνk (t)∂kx1
wr(t, x), ðiâíîìiðíî ïàðàáîëi÷íà ñèñòåìà â

ñåíñi Ïåòðîâñüêîãî äëÿ ∀t ∈ [0, T ], arνk (t)- êîìïëåêñíîçíà÷íi ôóíêöi¨, íåïå-
ðåðâíi äëÿ ∀t ∈ [0, T ], uν0(x)- äîñòàòíüî ãëàäêi ôiíiòíi ôóíêöi¨.

Òåîðåìà 1 Iñíó¹ ìàòðèöÿ Ãðiíà çàäà÷i (1),(2).

G(t, x; τ, ξ) = (t−τ)−
n2
0
2 Ω(t, τ ; (x1−ξ1)(t−τ)−1/2, (x2−ξ2+x1(t−τ)−3/2, ...,

(xn0
− ξn0

+ xn0−1(t− τ) + ...+ x1(t− τ)n0−1((n0 − 1)!)−1(t− τ)−
2n0−1

2 )

Ω(t, τ ; z1, ..., zn0
)- öiëà ôóíêöiÿ àðãóìåíòiâ z1, ..., zn0

, ïîðÿäêó ðîñòó 2
ïðè êîìïëåêñíèõ çíà÷åííÿõ àðãóìåíòiâ i òàêîãî æ ïîðÿäêó ñïàäàííÿ ïðè
äiéñíèõ çíà÷åííÿõ. Äëÿ ¨¨ ïîõiäíèõ ïðàâèëüíi îöiíêè |Dm

x G(t, τ ;x+iy; τ, ξ)| ≤

Cm(t− τ)
−(n2

0+
n0∑
j=1

mj(2j−1))/2

exp{−c0
n0∑
j=1

[|xj − ξj +
j−1∑
l=1

xj−l(t− τ)l(l!)−1|2(t−

τ)−(2j−1)+cj |yj |2(t−τ)−(2j−1)]}, y ∈ Rn0 , |m| = |m1|+...+|mn0
|.c0 > 0, Cm >

0, cj > 0, t > τ, äå ñòàëi çàëåæàòü âiä sup |arνk (t)|, õàðàêòåðó íåïåðåðâíî-
ñòi arν2 (t), ñòàëî¨ ïàðàáîëi÷íîñòi δ.

[1] Ìàëèöüêà Ã.Ï. Ïðî ñòðóêòóðó ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ
åëiïòè÷íî-ïàðàáîëi÷íèõ ðiâíÿíü, ùî óçàãàëüíþþòü ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ//
Âiñí.íàö.ó-òó "Ëüâiâñüêà ïîëiòåõíiêà.2000. �411-Ñ 221-228.
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Ôóíêöiîíàëüíå ÷èñëåííÿ â êëàñi ãiïåðôóíêöié ç
êîìïàêòíèìè íîñiÿìè äëÿ ãåíåðàòîðiâ C0-íàïiâãðóï

îïåðàòîðiâ

Ïàòðà Ìàðiÿ Iãîðiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

patra-m@mail.ru

Ãiïåðôóíêöi¨ íà âiäêðèòié ìíîæèíi Ω ∈ R âèçíà÷àþòü ÿê åëåìåíòè ôàê-
òîðïðîñòîðó B(Ω) := O(V \ Ω)/O(V ), äå V � êîìïëåêñíèé îêië Ω, à O(V )
i O(V \ Ω) � âåêòîðíi ïðîñòîðè âñiõ ãîëîìîðôíèõ ôóíêöié íà V i V \ Ω
âiäïîâiäíî. Ãiïåðôóíêöiþ f ∈ B(Ω) ðîçóìiþòü ÿê ðiçíèöþ ãðàíè÷íèõ çíà-
÷åíü f(x) = F (x+ i0)−F (x− i0) äåÿêî¨ ãîëîìîðôíî¨ ôóíêöi¨ F ∈ O(V \Ω).
Âiäîìî [1], [2], ùî ïðîñòið ãiïåðôóíêöié ç êîìïàêòíèìè íîñiÿìè BC(Ω) ç
òî÷íiñòþ äî òîïîëîãi÷íîãî içîìîðôiçìó ¹ ñïðÿæåíèì äî ïðîñòîðó A(Ω) âñiõ
äiéñíèõ àíàëiòè÷íèõ ôóíêöié. Ïðè öüîìó êàíîíi÷íèé áiëiíiéíèé ôóíêöiî-
íàë çàäàþòü ôîðìóëîþ 〈f, ϕ〉 = −

∮
Γ

F (z)ϕ(z)dz, äå Γ � çàìêíóòèé êîíòóð

â ïåðåòèíi îáëàñòåé âèçíà÷åííÿ àíàëiòè÷íîãî ïðîäîâæåííÿ ϕ i îáëàñòi âè-
çíà÷åííÿ F , ÿêèé îòî÷ó¹ íîñié f îäèí ðàç â äîäàòíüîìó íàïðÿìêó.

Äëÿ ïîáóäîâè àíàëîãó ôóíêöiîíàëüíîãî ÷èñëåííÿ, ðîçâèíóòîãî â [3],
ìè âèêîðèñòîâó¹ìî ãiïåðôóíêöi¨ ç êîìïàêòíèìè íîñiÿìè â [0,+∞). Íåõàé
B[0,+∞)(Ω) � ïðîñòið òàêèõ ãiïåðôóíêöié. Âèçíà÷èìî îïåðàöiþ êðîñêîðå-
ëÿöi¨ ãiïåðôóíêöi¨ f ∈ B[0,+∞)(Ω) i äiéñíî¨ àíàëiòè÷íî¨ ôóíêöi¨ ϕ ∈ A(Ω)
çà ôîðìóëîþ (f ? ϕ)(t) := 〈f, ϕ(·+ t)〉.

Íåõàé D(A) =

{
x̂A : x̂A =

+∞∫
0

e−tAx(t)dt

}
� ïiäïðîñòið â áàíàõîâîìó

ïðîñòîði E, äå A � ãåíåðàòîð (C0)-íàïiâãðóïè {e−tA}t≥0 îïåðàòîðiâ, ùî
äiþòü â E, x(t) � âåêòîðíîçíà÷íà ôóíêöiÿ âèãëÿäó x(t) : 0 ≤ t 7→ xϕ(t) ∈ E,
ϕ ∈ A(Ω), x ∈ E. Âèçíà÷èìî îïåðàòîð f(A) : D(A) 3 x̂A 7→ f(A)x̂A =
+∞∫
0

e−tAx(f ? ϕ)(t)dt ∈ D(A). Ïðè öüîìó âiäîáðàæåííÿ ΦA : f 7→ f(A) ¹

àëãåáðà¨÷íèì ãîìîìîðôiçìîì çi çãîðòêîâî¨ àëãåáðè B[0,+∞)(Ω) â àëãåáðó
ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ íàä D(A).

[1] Sato M. Theory of hyperfunctions, I, II // J. Fac. Sci., Univ. Tokyo, 8 (1959), 139�193,
387�437.

[2] Komatsu H. An Introduction to the Theory of Generalized Functions. Department of
Mathematics Science University of Tokyo, 2000, 185 p.
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[3] Lopushansky O. V., Sharyn S. V. Operator calculus for convolution algebra of Schwartz
distribution on semiaxis // Mat. Stud. � 1997. � V.7, �1. � C. 61�72.

Íàáëèæåííÿ ôóíêöié ç êëàñó Hω iíòåãðàëàìè
Âåé¹ðøòðàñà â ðiâíîìiðíié ìåòðèöi

Ïðèéìàñ Iâàííà Ïåòðiâíà, Ñòåïàíþê Òåòÿíà Àíàòîëi¨âíà,
Õàðêåâè÷ Þðié Iëiîäîðîâè÷

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

tania−stepaniuk@ukr.net

Ðîçãëÿíåìî êðàéîâó çàäà÷ó (â îäèíè÷íîìó êðóçi) äëÿ ðiâíÿííÿ

∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
− 1

ρ2

∂4u

∂x4
= 0. (1)

Ðîçâ'ÿçîê ðiâíÿííÿ (1), ùî çàäîâîëüíÿ¹ êðàéîâó óìîâó

u (ρ, x)
∣∣
ρ=1

= f(x), −π ≤ x ≤ π,

äå f(x) � ñóìîâíà 2π-ïåðiîäè÷íà ôóíêöiÿ, ìîæåìî çàïèñàòè ó âèãëÿäi

Wρ(f ;x) =
1

π

π∫
−π

f(t+ x)
{1

2
+

∞∑
k=1

ρk
2

cos kt
}
dt, 0 ≤ ρ < 1. (2)

Âåëè÷èíó (2) ïðèéíÿòî íàçèâàòè iíòåãðàëîì Âåé¹ðøòðàññà ôóíêöi¨ f . Ïî-
êëàâøè ρ = e−

1
δ , iíòåãðàë Âåé¹ðøòðàññà çàïèøåìî ó âèãëÿäi

Wδ(f ;x) =
1

π

π∫
−π

f(x+ t)
{1

2
+

∞∑
k=1

e−
k2

δ cos kt
}
dt, δ > 0.

Íåõàé äàëi C � ïðîñòið 2π�ïåðiîäè÷íèõ íåïåðåðâíèõ ôóíêöié, ó ÿêîìó
íîðìà çàäà¹òüñÿ çà äîïîìîãîþ ðiâíîñòi ‖f‖C = max

t
|f(t)|.

Íåõàé ω(t) � äîâiëüíèé ôiêñîâàíèé ìîäóëü íåïåðåðâíîñòi. Êàæóòü, ùî
ôóíêöiÿ f(x) ∈ C íàëåæèòü äî êëàñó Hω, ÿêùî ω(f, t) ≤ ω(t), àáî æ ÿêi á
íå áóëè òî÷êè t1, t2 ∈ R, ñïðàâåäëèâà íåðiâíiñòü

|f(t1)− f(t2)| ≤ ω (|t1 − t2|) .
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Ìåòîþ äàíî¨ ðîáîòè ¹ âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè âåëè÷èí

E (Hω;Wδ(f ;x))C = sup
f∈Hω

‖f(x)−Wδ(f ;x))‖C .

ßêùî â ÿâíîìó âèãëÿäi çíàéäåíà ôóíêöiÿ ϕ(δ) = ϕ(Hω;Wδ; δ), òàêà, ùî
ïðè δ →∞

E(Hω;Wδ)C = ϕ(δ) + o(ϕ(δ)),

òî êàæóòü, ùî ðîçâ'ÿçàíà çàäà÷à Êîëìîãîðîâà�Íiêîëüñüêîãî (äèâ., íàïðè-
êëàä, [1, ñ.8]) äëÿ äàíîãî îïåðàòîðà Wδ(f ;x) íà êëàñi Hω â ðiâíîìiðíié
ìåòðèöi.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 1 Äëÿ äîâiëüíîãî ôiêñîâàíîãî ìîäóëÿ íåïåðåðâíîñòi ω(t) ìà¹
ìiñöå ðiâíiñòü

E (Hω;Wδ)C =
2

π

π∫
0

ω(t)

(
1

2
+

∞∑
k=1

e−
k2

δ cos kt

)
dt, δ > 0.

[1] Ñòåïàíåö. À.È. Ðàâíîìåðíûå ïðèáëèæåíèÿ òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè. //
� Ê: Íàóê. Äóìêà, 1981. � 340 ñ.

Dressing of the multicomponent generalizations for the
Recursion Lax operators

Sydorenko Yuriy

Ivan Franko National University of Lviv

y_sydorenko@franko.lviv.ua

We investigate the Recursion Lax representations [1] for nonlinear integrable
models. In particular, we consider the Korteweg-de Vries, modi�ed Korteweg-de
Vries and nonlinear Schroedinger equations:

ut = uxxx + 6uux, vt = vxxx ± 6v2vx, iqt = qxx ± |q|2q. (1)

(1) Dressing of the corresponding Recursion Lax pairs is based on the Zakharov-
Shabat method [2] and the integral Darboux-type transformations [3], [4].
Multicomponent generalizations of equations (1) and some other are also investi-
gated in [5]. In our report we consider di�erent vector generalizations of nonli-
near Schrodinger-type equations [6,7] (namely, the modi�ed nonlinear Schrodi-
nger equation, Chen-Lee-Liu and Gerdjikov-Ivanov equations). We also propose
a method of integration of the corresponding models, which is based on the
invariant transformations of the linear integro-di�erential expressions.
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Àëãåáðè áëî÷íî-äiàãîíàëüíèõ àíàëiòè÷íèõ ôóíêöié íà
áàíàõîâèõ ïðîñòîðàõ

Òàðàñ Îëåíà Ãåííàäi¨âíà

Ïðèêàðïàòñüêèé íàöîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

elena_taras@ukr.net

Â äîïîâiäi ðîçãëÿäà¹òüñÿ áàíàõîâèé ïðîñòið X ç òîïîëîãi÷íèì áàçè-
ñîì íàä ïîëåì C, Hb(X)�àëãåáðà àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó
íà X, Mb(X) � ìíîæèíà õàðàêòåðiâ àëãåáðè Hb(X). Ïîçíà÷èìî Nm =⋃
k1 6=... 6=km span(ek1 , . . . , ekm),m ≥ 1 � ñiì'ÿ ïiäìíîæèí â X. Âiäïîâiäíî

Hb(Nm) � àëãåáðà çâóæåíü ôóíêöié ç Hb(X) íà Nm, Mb(Nm) � ìíîæèíà
õàðàêòåðiâ. Îïåðàòîð çâóæåííÿ Tm : Hb(X)→ Hb(Nm) ¹ ãîìîìîðôiçìîì.

Íåõàé ϕ ∈Mb(Nm), òîäi ϕ ìîæíà ïðîäîâæèòè äî õàðàêòåðà ϕ̃ íà Hb(X)
çà ôîðìóëîþ: ϕ̃ = ϕ◦Tm. Òàêèì ÷èíîì, â îêðåìèõ âèïàäêàõ âèâ÷åííÿ ñïå-
êòðó àëãåáðè Hb(X) ìîæíà çâåñòè äî âèâ÷åííÿ âóæ÷î¨ ìíîæèíè � ñïåêòðó
àëãåáðè Hb(Nm) i ñïðîáóâàòè óçàãàëüíèòè îòðèìàíi ðåçóëüòàòè íà Hb(X).
Ñïåêòð àëãåáðè Hb(X) äîñëiäæóâàâñÿ, çîêðåìà â [1],[2].

Òâåðäæåííÿ 1 Ïðîñòið ïîëiíîìiâ P (mNm) içîìîðôíèé äî ïðîñòîðó ïî-
ëiíîìiâ P (mX),Nm ⊂ X. Àëå, çàóâàæèìî, ÿêùî n 6= m, òî P (nNm) íå ¹
içîìîðôíèì äî P (mX).

Òåîðåìà 1 Äëÿ êîæíîãî õàðàêòåðà ψ ∈Mb(X) iñíó¹ ïîñëiäîâíiñòü ϕm ∈
Mb(Nm) òàêà, ùî ïîñëiäîâíiñòü ïðîäîâæåíü ϕ̃m ∈ Mb(X) çáiãà¹òüñÿ äî
ψ â ñëàáêî ïîëiíîìiàëüíié òîïîëîãi¨. Òîáòî, ϕm(P ) → ψ(P ) ïðè m → ∞
äëÿ êîæíîãî ïîëiíîìà P ∈ Hb(X).

Ïèòàííÿ, ÷è áóäå âèêîíóâàòèñü äàíà òåîðåìà äëÿ äîâiëüíî¨ àíàëiòè÷íî¨
ôóíêöié f ∈ Hb(X) ¹ âiäêðèòèì, îñêiëüêè íå âiäîìî, ÷è çàëèøîê ||ψ(f) −
ϕ̃m(f)|| áóäå ïðÿìóâàòè äî íóëÿ â òîïîëîãi¨ Ãåëüôàíòà.
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Ðîçãëÿíåìî ðiâíÿííÿ

(A+ E)y′′(t) +Ay(t) = f(t), t ∈ [a, b], (1)

äå A � ñàìîñïðÿæåíèé íàïiâîáìåæåíèé çíèçó îïåðàòîð ó ãiëüáåðòîâîìó
ïðîñòîði H, E � òîòîæíèé ó H îïåðàòîð.

Ó âèïàäêó H = L2(X) òà A � ñàìîñïðÿæåíîãî ðîçøèðåííÿ ëiíiéíî-
ãî îïåðàòîðà, ïîðîäæåíîãî âèðàçîì − d2

dx2 ðiâíÿííÿ (1) îïèñó¹ êîëèâàííÿ
iäåàëüíî¨ ñòðàòèôiêîâàíî¨ ðiäèíè.

Çîêðåìà êðàéîâi óìîâè

y(a) = y(b) = 0. (1)

Ðîçâ'ÿçêîì çàäà÷i (1)�(2) íàçèâàþòü äâi÷i íåïåðåðâíî äèôåðåíöiéîâíó â
H, t ∈ [a, b], âåêòîð-ôóíêöiþ y(t), äëÿ ÿêî¨ âèçíà÷åíi òà íåïåðåðâíi íà [a, b]
âåêòîð-ôóíêöi¨ Ay(t), Ay′′(t), i ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) òà êðàéîâi
óìîâè (2).

Òåîðåìà 1 ßêùî

σ(A)
⋂

({−1}
⋃
{ n2π2

(b− a)2 − n2π2
, n ∈ N}) = ∅,

òî äëÿ äîâiëüíî¨ ñèëüíî íåïåðåðâíî¨ â H ôóíêöi¨ f(t) çàäà÷à (1)�(2) ìà¹
¹äèíèé ðîçâ'ÿçîê.

Îòðèìàíî ÿâíå ïðåäñòàâëåííÿ òî÷íîãî ðîçâ'ÿçêó.
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We consider some multicomponent integrable equations of mathematical physi-
cs that admit integro-di�erential Lax representations (in particular representati-
ons with Recursion Operators [1, 2]) and their integration. In particular, we
consider the system:{

qt = qxxx − 3qxM0q
>qx + 3uqx

ut = uxxx − 3(uqxM0q
>)x + 6uux,

(1)

where u = u(x, t) is scalar function, q = q(x, t) = (q1, . . . ql) is (1 × l) vector-
function,M0 is constant Hemritian matrix. In case q = 0 system (1) reduces
to KdV equation, in case u = 0 we obtain vector generalization of mKdV
equation. Our approach to integration of the models with integro-di�erential
representations is based on Zakharov-Shabat dressing method and Darboux-
type integral transformations [4, 5, 6].
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[5] Berkela Yu.,Sydorenko Yu. Darboux-type theorems and transformation operators
for nonlocal reduced Kadomtsev-Petviashvili hierarchy (Hk-cKP)// Matematychni
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[6] Yu.M. Sydorenko, O.I. Chvartatskyi Integration of scalar Kadomtsev-Petviahvili hi-
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Îïåðàòîðíå ÷èñëåííÿ äëÿ àíàëiòè÷íèõ íàïiâãðóï
îïåðàòîðiâ

Øàðèí Ñåðãié Âîëîäèìèðîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà
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Ìè áóäó¹ìî îïåðàòîðíå ÷èñëåííÿ Φ : f̂ 7−→ f̂(A) äëÿ ãåíåðàòîðiâ A =
(A1, . . . , An) n-ïàðàìåòðè÷íèõ îáìåæåíèõ àíàëiòè÷íèõ íàïiâãðóï eitA :=

eit1A1+···+itnAn îïåðàòîðiâ, ùî äiþòü â áàíàõîâîìó ïðîñòîði E. Àëãåáðà Ŝ ′+
ñèìâîëiâ òàêîãî ÷èñëåííÿ ñêëàäà¹òüñÿ ç àíàëiòè÷íèõ â òðóá÷àñòié îáëàñòi
Cn+ =

{
ζ = ξ + iη ∈ Cn : ξ ∈ intRn+

}
ôóíêöié f̂ , ÿêi ¹ ïåðåòâîðåííÿìè Ëà-

ïëàñà ðîçïîäiëiâ Øâàðöà ïîâiëüíîãî ðîñòó f ∈ S ′+ ç íîñiÿìè â êîíóñi Rn+.
Ïðè öüîìó îáëàñòþ âèçíà÷åííÿ ÷èñëåííÿ ¹ ùiëüíèé â E ïiäïðîñòið A öiëèõ
àíàëiòè÷íèõ âåêòîðiâ ïîëiíîìiàëüíîãî ðîñòó îïåðàòîðà A.

Íåõàé D(A∞) :=
⋂
α∈Zn+

D(Aα), äå D(Aα) � îáëàñòü âèçíà÷åííÿ îïåðà-

òîðà Aα := Aα1
1 . . . Aαnn . Âèçíà÷èìî â D(A∞) ïiäïðîñòið A öiëèõ àíàëiòè-

÷íèõ âåêòîðiâ ïîëiíîìiàëüíîãî ðîñòó

A :=
⋂
t, α

Eαt , äå Eαt :=
{

(tA)αeitAx ∈ E : x ∈ E, t ∈ Rn+, α ∈ Zn+
}
.

Òåîðåìà 1 Íåõàé eitA � îáìåæåíà àíàëiòè÷íà íàïiâãðóïà íàä êîìïëå-
êñíèì áàíàõîâèì ïðîñòîðîì E òàêà, ùî êîæåí îïåðàòîð Aj, j = 1, . . . , n,
ìà¹ îáìåæåíèé îáåðíåíèé A−1

j . Òîäi ïðîñòið A öiëèõ àíàëiòè÷íèõ âåêòî-
ðiâ ïîëiíîìiàëüíîãî ðîñòó ùiëüíèé â E.

Òåîðåìà 2 Âiäîáðàæåííÿ Φ : Ŝ ′+ 3 f̂ 7−→ f̂(A) ∈ L(A, E), äå îïåðàòîð

f̂(A) âèçíà÷åíèé çà ôîðìóëîþ

f̂(A)x =
〈
f(t), eitAx

〉
, f ∈ S ′+, x ∈ A,

¹ íåïåðåðâíèì ãîìîìîðôiçìîì ç ìóëüòèïëiêàòèâíî¨ àëãåáðè àíàëiòè÷íèõ

ôóíêöié Ŝ ′+ íà êîìóòàíò â L(A, E) îáìåæåíî¨ íàïiâãðóïè eitA. Îïåðàòîðè

ç îáðàçó Φ
[
Ŝ ′+
]
çàäîâîëüíÿþòü ðiâíîñòi f̂ ∗ g(A) = f̂(A) ◦ ĝ(A); ∂̂αf(A) =

(−A)α ◦ f̂(A), α ∈ Zn+ i δ̂(A) = I � îäèíè÷íèé îïåðàòîð íàä A.

Äîïîâiäü áàçó¹òüñÿ íà ñïiëüíèõ äîñëiäæåííÿõ [1] ç ïðîô. Ëîïóøàí-
ñüêèì Î.Â.
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Ïîâíà àñèìïòîòèêà âåðõíiõ ìåæ âiäõèëåíü ñïðÿæåíèõ
ïåðiîäè÷íèõ ôóíêöié âiä ¨õ ñïðÿæåíîãî iíòåãðàëó

Ïóàññîíà
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Íåõàé L� ïðîñòið 2π�ïåðiîäè÷íèõ ñóìîâíèõ íà ïåðiîäi ôóíêöié f(t) ç íîð-

ìîþ ‖f‖L =
π∫
−π
|f(t)| dt, C � ïðîñòið íåïåðåðâíèõ 2π�ïåðiîäè÷íèõ ôóíêöié

f(t), â ÿêîìó íîðìà çàäà¹òüñÿ ôîðìóëîþ ‖f‖C = max
t
|f(t)|.

Íåõàé f ∈ L. Âåëè÷èíó

Pρ(f ;x) =
1

2π

π∫
−π

f(x+ t)Kρ(t)dt

íàçèâàþòü iíòåãðàëîì Ïóàññîíà ôóíêöi¨ f , äå

Kρ(t) =
1− ρ2

1− 2ρ cos t+ ρ2
, 0 ≤ ρ < 1,

� ÿäðî iíòåãðàëó Ïóàññîíà.

Ìíîæèíó ôóíêöié f ∈ C, ÿêi çàäîâîëüíÿþòü óìîâó

|f(x+ h)− f(x)| ≤ |h|,

áóäåìî ïîçíà÷àòè, ÿê çàãàëüíî ïðèéíÿòî, ÷åðåç Lip11 i íàçèâàòè êëàñîì
Ëiïøèöÿ.

Âiäîìî (äèâ., íàïðèêëàä, [1]), ùî ôóíêöiÿ

f(x) = − 1

2π

π∫
0

(f(x+ t)− f(x− t)) ctg
t

2
dt

ñïðÿæåíà äî ôóíêöi¨ f(x), à

P ρ(f ;x) = − 1

π

π∫
0

(f(x+ t)− f(x− t)) ρ sin t

1− 2ρ cos t+ ρ2
dt,
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âiäïîâiäíî, ñïðÿæåíèé iíòåãðàë Ïóàññîíà.

Ïîçíà÷èìî

E(Lip11;P ρ)C = sup
f∈Lip11

‖f(·)− P ρ(f ; ·)‖C .

Â ðîáîòi çíàéäåíî ïîâíèé àñèìïòîòè÷íèé ðîçêëàä âåëè÷èí E(Lip11;P ρ)C ,
ùî äîçâîëÿ¹ âèïèñóâàòè êîíñòàíòè Êîëìîãîðîâà�Íiêîëüñüêîãî ÿê çàâãîäíî
âèñîêîãî ïîðÿäêó ìàëîñòi.

Òåîðåìà 1 Ïðè ρ→ 1− 0 ìà¹ ìiñöå àñèìïòîòè÷íèé ðîçêëàä

E(Lip11;P ρ)C =

∞∑
k=1

(1− ρ)k

k2k−1
+

∞∑
m=1

1

m

∞∑
s=0

(1− ρ)2m+s

22m+s
· Γ(2m+ s)

Γ(2m)
αm,

äå

αm =
4

π

m∑
k=1

(−1)m+k+1

2m− 2k + 1
+ 1.

[1] Sz.�Nagy B. Sur l'ordre de l'approximation d'une fonction par son integrale de Poi-
sson //Acta Math. Acad. Sci Hungar. � 1950. � 1. � P. 183�188.
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Äëÿ ìîäåëi êîëåêòèâíî¨ åêñïåðòíî¨ îöiíêè ç âåëèêîþ êiëüêiñòþ åêñïåðòiâ
ðîçãëÿíóòî ìåòîä â ÿêîìó ââîäÿòüñÿ êîåôiöi¹íòè äîâiðè äî åêñïåðòiâ, ó
âèãëÿäi âèïàäêîâîãî ïðîöåñó.

Ðîçãëÿíóòî ìîäåëü êîëåêòèâíî¨ åêñïåðòíî¨ îöiíêè ç êiëüêiñòþ åêñïåð-
òiâ ç ðiâíåì äîâiðè Pi ∈ (0, 1) äëÿ åêñïåðòà Ei,i = 1, ..., n äàíî¨ åêñïåðòíî¨
ãðóïè. Ââåäåíî Ri � ðàíæóâàíÿ àëüòåðíàòèâ i−ì åêñïåðòîì òà N i

k�ðàíã
àëüòåðíàòèâè ak, k = 1, ...,m â ðàíæóâàííi àëüòåðíàòèâè i−ì åêñïåðòîì.
Äàíèé ìåòîä çàäîâîëüíÿ¹ âèìîãàì ïîáóäîâó ãðóïîâîãî âèáîðó. Óìîâà âiä-
ñóòíîñòi "äèêòàòîðà"ñåðåä åêñïåðòiâ òà äåÿêi ç óìîâ Åðîó äîñÿãàþòü ïðè
íàêëàäàííi óìîâ çîêðåìà i íà Pi i = 1, ..., n, òàêîæ äëÿ ðàíæóâàííÿ âèêî-

íó¹òüñÿ óìîâà Ïàðåòî
m⋂
i=1

Ri ⊆ R ⊆
m⋃
i=1

Ri.
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Âñi ìîæëèâi ðåçóëüòàòè ïðèéíÿòòÿ ðiøåííÿ, ùîäî ïåâíî¨ ïðîáëåìè,
óòâîðþþòü ïîâíó ãðóïó ïîäié (A1, ..., An), i äëÿ êîæíîãî ñòàíó âèçíà÷à-
¹òüñÿ ðiâåíü äîâiðè äî åêñïåðòiâ. Ïðè ââåäåííi êîåôiöi¹íòiâ äîâiðè äî åêñ-
ïåðòiâ, ðåçóëüòàòè åêñïåðòíî¨ îöiíêè çíà÷íî âiäðiçíÿþòüñÿ âiä êëàñè÷íèõ.
Ïîäàííÿ êîåôiöi¹íòiâ äîâiðè ó âèãëÿäi ïðîöåñó äîçâîëÿþòü êðàùå îöiíèòè
ðåçóëüòàòè ãðóïîâî¨ îöiíêè.

Ðîçãëÿíóòî ìåòîäè ïîáóäîâè ãðóïîâèõ ðàíæóâàíü ó âèïàäêîâîìó ñåðå-
äîâèùi, à ñàìå ñèòóàöiÿ îïèñó ñåðåäîâèùà, â ÿêîìó ïðèéíÿòòÿ ðiøåííÿ,
ïðåäñòàâëåíî çà äîïîìîãîþ ëàíöþãiâ ìàðêîâà ÷è íàïiâìàðêiâñüêîãî ïðî-
öåñó. Äëÿ êîæíî¨ ç àëüòåðíàòèâ îòðèìàíî ñåðåäíüî-÷àñîâèé ðàíã òà çíà-
÷åííÿ ìîæëèâèõ ðèçèêiâ. Âiäïîâiäíî ïîáóäîâàíî ñåðåäíüî ÷àñîâå ãðóïîâå
âïîðÿäêóâàííÿ àëüòåðíàòèâ äëÿ ñåðåäîâèùà, çìiíà ñòàíiâ ÿêîãî îïèñó¹òüñÿ
íàïiâìàðêiâñüêèì ïðîöåñîì.

[1] Áåøåëåâ Ñ.Ä. Ìàòåìàòèêî-ñòàòèñòè÷åñêèå ìåòîäû ýêñïåðòíûõ îöåíîê.�2-å èçä. ïå-
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Ãðàíè÷íi òåîðåìè äëÿ îäíi¹¨ ïîñëiäîâíîñòi äèôóçiéíèõ
ïðîöåñiâ

Îñèï÷óê Ì. Ì.
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Â äîïîâiäi ðîçãëÿäàòèìåòüñÿ ïîñëiäîâíiñòü äèôóçiéíèõ ïðîöåñiâ (ξn(t))t≥0,
n = 1, 2, . . . íà äiéñíié îñi R ç êîåôiöi¹íòàìè ïåðåíîñó an(x) = na(nx) òà
äèôóçi¨ bn(x) = b(nx) ïðè çàäàíèõ ôóíêöiÿõ (a(x))x∈R òà (a(x))x∈R. Âè-
â÷à¹òüñÿ ïèòàííÿ iñíóâàííÿ òà âèä ãðàíè÷íîãî ðîçïîäiëó êiëüêîñòi ïåðåòè-
íiâ íóëüîâîãî ðiâíÿ ïîñëiäîâíiñòþ âèïàäêîâèõ âåëè÷èí ξn(0), ξn(1/m),...,
ξn(N/m) ïðè ïðÿìóâàííi äî íåñêií÷åííîñòi íàòóðàëüíèõ n, m i N äåÿêèì
óçãîäæåíèì ÷èíîì. Íà âiäìiíó âiä ðîáîòè [1] (äèâ. òàêîæ [2]) ðîçãëÿäà¹òüñÿ
âèïàäîê ðiçíèõ âëàñòèâîñòåé a(x) òà b(x) íà +∞ òà íà −∞. Âñòàíîâëåíî
òàêîæ õàðàêòåðèñòèêè ãðàíè÷íîãî ïðîöåñó.
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Ðîçãëÿíåìî ôóíêöi¨

A(x) =

∫ x

0

a(y)

b(y)
dy, F (x) =

∫ x

0

e−2A(y)dy, H(x) =

∫ x

0

e2A(y) dy

b(y)
.

Íåõàé iñíóþòü ñêií÷åííi ãðàíèöi

lim
x→+∞

1

γx
F (γx) =

{
κ−F , γ < 0;
κ+
F , γ > 0,

lim
x→+∞

1

γx
H(γx) =

{
κ−H , γ < 0;
κ+
H , γ > 0.

Ïîçíà÷èìî κ− = κ−F κ
−
H , κ+ = κ+

Fκ
+
H .

Òåîðåìà 1 Íåõàé ôóíêöi¨ (a(x))x∈R òà (a(x))x∈R ìàþòü íåïåðåðâíi îáìå-
æåíi ïîõiäíi, inf

x∈R
b(x) > 0 òà ôóíêöiÿ (A(x))x∈R îáìåæåíà. Òîäi ïîñëiäîâ-

íiñòü äèôóçiéíèõ ïðîöåñiâ (ξn(t))t≥0, n = 1, 2, . . . ñëàáêî çáiãà¹òüñÿ äî
óçàãàëüíåíîãî äèôóçiéíîãî ïðîöåñó ç ïåðåíîñîì 3

4

(
1

κ− −
1

κ+

)
δ(x) òà äè-

ôóçi¹þ ðiâíîþ 1
κ− ïðè x < 0, 1

2

(
1

κ− + 1
κ+

)
ïðè x = 0 òà 1

κ+ ïðè x > 0.
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Êè¨â, 2007. � 24 ñ. (Ïðåïð. / ÍÀÍ Óêðà¨íè. Ií-ò ìàòåìàòèêè; 2007.6)

[2] Îñèï÷óê Ì.Ì. Ïðî ãðàíè÷íèé ðîçïîäië êiëüêîñòi ïåðåòèíiâ ïîñëiäîâíîñòi ðiâíiâ
äåÿêîþ ïîñëiäîâíiñòþ äèôóçiéíèõ ïðîöåñiâ // Êàðïàòñüêi ìàòåìàòè÷íi ïóáëiêà-
öi¨. � 2009. Ò. 1, � 2. � Ñ. 191 � 196

Àäèòèâíi ôóíêöiîíàëè âiä ïîòîêó Àððàòüÿ
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Â äîïîâiäi ðîçãëÿäà¹òüñÿ ïîòiê Àððàòüÿ.

Îçíà÷åííÿ 1 [1] Ïîòiê Àððàòüÿ - âèïàäêîâèé ïðîöåñ {x(u), u ∈ R},
çàäàíèé íà éìîâiðíiñíîìó ïðîñòîði (Ω,=, P ) çi çíà÷åííÿìè â ïðîñòîði
C([0; 1]) ç íàñòóïíèìè âëÿñòèâîñòÿìè:

∀u1 ≤ u2 ≤ . . . ≤ un :

1. x(uk, ·)- ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ, ñòàðòóþ÷èé ç òî÷êè uk.
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2. ∀t ∈ [0; 1] : x(u1, t) ≤ ... ≤ x(un, t).

3. ðîçïîäië (x(u1, ·), ..., x(un, ·)) ñïiâïàäà¹ ç ðîçïîäiëîì ñòàíäàðòíîãî n-
ìiðíîãî âiíåðiâñüêîãî ïðîöåñó, ÿêèé ñòàðòó¹ ç (u1, ..., un) íà ìíî-
æèíi {f ∈ C([0; 1],Rn) : fk(0) = uk, k = 1, n, f1(t) < ... < fn(t), t ∈
[0; 1]}.

Ïîáóäó¹ìî àäèòèâíèé ôóíêöiîíàë âiä ïîòîêó Àððàòüÿ [2] çà äîïîìî-
ãîþ ñóìóâàííÿ àäèòèâíèõ ôóíêöiîíàëiâ âiä äâóõòî÷êîâèõ ïðîöåñiâ ïîòîêó
Àððàòüÿ:

Φ
(2)
t := lim

m→∞

∑
k∈Z

t∧τ(umk )∫
0

f(x(umk , s)− x(umk−1, s))g(x(umk , s))ds, (1)

äå
τ(umk ) = inf{s : x(umk , s) = x(umk−1, s)},

f - íåçðîñòàþ÷à, îáìåæåíà, íåâiä'¹ìíà, g - íåâiä'¹ìíà iíòåãðîâíà ôóíêöi¨.

Òåîðåìà 2 Ãðàíèöÿ â (1) iñíó¹ ì. í. i âèçíà÷à¹ ñêií÷åííèé ç éìîâiðíiñòþ
îäèíèöÿ ôóíêöiîíàë.

Òåîðåìà 3 Ñïðàâåäëèâà íàñòóïíà îöiíêà

sup
m>0

M
∑
k∈Z

ν
umk
[s∨σ(umk );τ(umk )] <∞

äå ν
umk
[s;τ(umk )] - ÷èñëî ïåðåòèíiâ çâåðõó âíèç ïîëîñè [0; δ] íà iíòåðâàëi ÷àñó

[s; τ(umk )], s - äåÿêå ôiêñîâàíå ÷èñëî, 0 < s < 1. Ïðè öüîìó ó âèïàäêó

s ∨ σ(umk ) ≥ τ(umk ) ââàæà¹ìî ν
umk
[s;τ(umk )] = 0.

Ââåäåìî íàñòóïíå ïîçíà÷åííÿ

νArrm,[s;t∧τ ] :=
∑
k∈Z

ν̃
umk
[s;t∧τ(umk )]

Âèïàäêîâó âåëè÷èíó νArrm,[s;t∧τ ] áóäåìî íàçèâàòè ñóìàðíèì ÷èñëîì ïåðåòèíiâ
ïîëîñè [0; δ] çâåðçó âíèç ïîòîêîì Àððàòüÿ äî ìîìåíòiâ ñêëåéêè, ïîâ'ÿçàíèì
ç ðîçáèòòÿì {umk , k ∈ Z}, m ∈ N.

Ñïðàâåäëèâèé àíàëîãi÷íèé òåîðåìi Ëåâi [3] ïðî ïåðåòèíè ïîëîñè ðåçóëü-
òàò äëÿ ïîòîêó Àððàòüÿ.

Òåîðåìà 4 Äëÿ äîâiëüíîãî m ∈ N ñïðàâåäëèâå ãðàíè÷íå ñïiââiäíîøåííÿ:

lim
δ↘0+

δνArrm,[s;t∧τ ] =
∑
k∈Z

t∧τ(umk )∫
s

δ0(x(umk , r))dr
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Ðîçâèâà¹òüñÿ òåîðiÿ çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ðiâíÿíü âèãëÿäó

∂u/∂t =

∞∑
k=0

ck(t)Bkνu, t ∈ (0, T ], x ∈ R+, ck ∈ C1(0, T ], k ∈ Z+ (1)

(Bν := d2/dx2 + (2ν + 1)x−1d/dx, ν > −1/2 � îïåðàòîð Áåññåëÿ), ÿêi ¹ ïðè-
ðîäíèì óçàãàëüíåííÿì B-ïàðàáîëi÷íèõ ðiâíÿíü. Çíàéäåíî íåîáõiäíi i äî-
ñòàòíi óìîâè, ïðè âèêîíàííi ÿêèõ îïåðàòîð Áåññåëÿ íåñêií÷åííîãî ïîðÿäêó

� îïåðàòîð L(t, Bν) =
∞∑
k=0

ck(t)Bkν � âèçíà÷åíèé i íåïåðåðâíèé ó ïðîñòîðàõ

òèïó C, ââåäåíèõ â [1] (òàêi ïðîñòîðè ¹ óçàãàëüíåííÿìè ïðîñòîðiâ òèïó
W , ùî âèêîðèñòîâóþòüñÿ ïðè äîñëiäæåííi ïðîáëåìè ïðî êëàñè ¹äèíîñòi òà
êîðåêòíîñòi çàäà÷i Êîøi äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè
àáî çàëåæíèìè ëèøå âiä ÷àñó êîåôiöi¹íòàìè); åëåìåíòàìè ïðîñòîðiâ òèïó
C ¹ öiëi ôóíêöi¨, ÿêi íà äiéñíié âiñi ñïàäàþòü øâèäøå çà exp{−a|x|}, a > 0,
x ∈ R.

Ïî÷àòêîâà ôóíêöiÿ f ÿê ïî÷àòêîâà óìîâà u(t, ·)|t=0 äëÿ (1) áåðåòüñÿ
ç ïðîñòîðó C ′ � ïðîñòîðó, òîïîëîãi÷íî ñïðÿæåíîãî äî C; C ′ ñêëàäà¹òüñÿ
ç óçàãàëüíåíèõ ôóíêöié íåñêií÷åííîãî ïîðÿäêó (àíàëiòè÷íèõ ôóíêöiîíà-
ëiâ). Óìîâà u(t, ·)|t=0 = f ðîçóìi¹òüñÿ â òîìó ñåíñi, ùî u(t, ·) → f ïðè
t→ +0 â C ′. Âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ (1); çíà-
éäåíî çîáðàæåííÿ ðîçâ'ÿçêó u(t, x) ó âèãëÿäi çãîðòêè f ∗G(t, x), äå G(t, ·)
� ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ (1), ïðè öüîìó äîñëiäæå-
íi âëàñòèâîñòi ôóíêöi¨ G. Äîâåäåíî, ùî G(t, ·) ∈ C ′ ïðè êîæíîìó t > 0,
âñòàíîâëåíi îöiíêè ïîõiäíèõ ôóíêöi¨ G çà ïðîñòîðîâîþ çìiííîþ, äîâåäåíî
äèôåðåíöiéîâíiñòü G(t, ·) ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t, äîñëiäæåíà
ãðàíè÷íà ïîâåäiíêà G(t, ·) ïðè t→ +0.
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Perturbation of hyperbolic systems of �rst order
di�erential equations
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We study hyperbolic systems of �rst order conservation laws and some
properties of such systems. Consider a system of quasilinear equations of the
�rst order depending on a parameter p ∈ R1,

ut + (ϕ(p, u))x = 0, u = (u1, ..., uN ), ui = ui(t, x), i = 1, ..., N. (1)

Let, A =
(
∂ϕ
∂u

)
, aij ∈ C2, and aij 6= 0 perhaps only at j − i ≡ 0, 1(modN).

Also consider that the system (1) is hyperbolic and strongly nonlinear ([1]).
Further we study the Cauchy problem and the Riemann's problem for the
system (1) with the initial condition

u|t=0 = u0(x), where ui0 ∈ L∞, i = 1, ..., N. (2)

De�nition Bounded measurable vector function is called the generalized
solution of problem (1), (2) if the system (1) is understood in the sense of di-
stributions, satis�es by entropy condition on characteristics ([1]), and condition
(2) is taken in the weak sense.

Òåîðåìà 1 Let at p = p0 the system (1) is hyperbolic and strongly nonlinear,
and for ul, ur ∈ RN a shock wave (centered wave), which connects ul, ur, is
exist. Then at some ε0 > 0 for |p− p0| < ε0 system (1) is hyperbolic, strongly
nonlinear and an appropriate shock wave (centered wave) is exist.

Òåîðåìà 2 Let at p = p0 the system (1) is hyperbolic and strongly nonlinear,
and for vectors ul, ur ∈ RN the Riemann's problem automodel solution for
u0(x) = ul + χ(x)(ur − ul) is exist. Then at some ε0 > 0 for |p − p0| < ε0

the system (1) is hyperbolic, strongly nonlinear and an appropriate automodel
solution is exist.

In the case aji (p, u) − aji (p0, u) = 0 at (i, j) 6= (N, 1) we can obtain some
structure of given approximations for initial value problem too.
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Êðèòåðié ðîçâ'ÿçíîñòi áàãàòîòî÷êîâî¨ çàäà÷i
äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè ç ìiðàìè
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Ó äîïîâiäi îáãîâîðþþòüñÿ íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó Y (x), x ∈ [a, b], áàãàòîòî÷êîâî¨ çàäà÷i

Y ′ = A′(x)Y + F ′(x), (1)

LY ≡
s∑
i=1

MiY (xi) +

∫ b

a

dH(x)Y (x) = Q. (2)

Åëåìåíòè (n×n)-ìàòðèöi A(x) i n-âèìiðíîãî âåêòîðà F (x) ââàæàþòüñÿ íå-
ïåðåðâíèìè ñïðàâà ôóíêöiÿìè îáìåæåíî¨ íà [a, b] âàðiàöi¨ (BV +[a, b]), òàê
ùî äèôåðåíöiþâàííÿ i ðiâíiñòü â (1) ðîçóìiþòüñÿ â óçàãàëüíåíîìó ñåí-
ñi. Ïðè öüîìó ïðèïóñêà¹òüñÿ âèêîíàííÿ óìîâ êîðåêòíîñòi [4A(x)]

2
= 0,

4A(x)4F (x) = 0 ∀x ∈ [a, b], çà ÿêèõ ïðè äîñëiäæåííi ñèñòåìè (1) íå âè-
íèêàòèìå ïðîáëåìà ìíîæåííÿ ðîçïîäiëiâ [1]. Â óìîâàõ (2) Mi i Q � ñòàëi
ìàòðèöi ðîçìiðóm×n im× 1 âiäïîâiäíî, H ∈ BV +[a, b] i çàäîâîëüíÿ¹ óìî-
âè 4H(x)4A(x) = 0, 4H(x)4F (x) = 0 ∀x ∈ [a, b], êîòði ãàðàíòóâàòèìóòü
iñíóâàííÿ iíòåãðàëà â ñåíñi Ðiìàíà�Ñòiëüòü¹ñà, a ≤ x1 < x2 < . . . < xs ≤ b.

Íåõàé (m×n)�ìàòðèöÿ LB =
s∑
i=1

MiB(xi, a)+

∫ b

a

dH(x)B(x, a), äåB(x, s) �

ìàòðèöÿ Êîøi îäíîðiäíî¨ ñèñòåìè, i Y ∗(x) =

∫ x

a

B(x, s)dF (s). Íåõàé L+
B �

ïñåâäîîáåðíåíà äî LB (n×m)-ìàòðèöÿ Ìóðà-Ïåíðîóçà, òîáòî LBL
+
BLB=LB

(ïðè m = n i detLB 6= 0 ìàòðèöÿ L+
B = L−1

B ).

Òåîðåìà 1 Ðîçâ'ÿçîê Y ∈ BV +[a, b] çàäà÷i (1), (2) iñíó¹ i ìà¹ âèãëÿä
Y (x) = B(x, a)

[
L+
B(Q− LY ∗) + (En − L+

BLB)C
]

+ Y ∗(x), äå C � äîâiëüíèé

ñòàëèé âåêòîð, ÿêùî i òiëüêè ÿêùî (Em − LBL
+
B)(Q − LY ∗) = 0. Äëÿ

¹äèíîñòi ðîçâ'ÿçêó öi¹¨ çàäà÷i íåîáõiäíî i äîñèòü âèêîíàííÿ äîäàòêîâî¨
óìîâè L+

BLB = En.

Íàñëiäîê 2 Ïðè m=n çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê òîäi i òiëüêè
òîäi, êîëè detLB 6= 0.

Àíîíñîâàíi ó äîïîâiäi ðåçóëüòàòè îòðèìàíi ñïiëüíî ç Òàöi¹ì Ð.Ì.
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Ïî÷àòêîâî-íåëîêàëüíà çàäà÷à äëÿ ôàêòîðèçîâàíîãî
ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè

Ñàâêà I.ß.1,2, Ñèìîòþê Ì.Ì.1

IÏÏÌÌ iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè1

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà2

s-i@ukr.net, quaternion@ukr.net

Íåõàé Ωp � p-âèìiðíèé òîð (R/2πZ)p, T > 0, QTp = (0, T ) × Ωp, k =
(k1, . . . , kp) ∈ Zp, |k| = |k1|+ . . .+ |kp|, Dx = (−i∂/∂x1, . . . ,−i∂/∂xp), Πn =

{~λ ≡ (λ1, . . . , λn) ∈ Rn : λ1 < . . . < λn}; B(Dx) � òàêèé äèôåðåíöiàëüíèé
âèðàç, ùî

(∃N1, N2 ∈ N) (∃C1, C2 > 0)

(∀ k ∈ Zp) C1(1 + |k|)N1 ≤ |B(k)| ≤ C2(1 + |k|)N2 .

Â îáëàñòi QTp ðîçãëÿäà¹ìî òàêó çàäà÷ó:

n∏
j=1

(
∂

∂t
− λjB (Dx)

)
u(t, x) = 0, (t, x) ∈ QTp , (1)


∂j−1u(t, x)

∂tj−1

∣∣∣
t=0

= ϕj(x), j = 1, . . . , r,

∂j−1u(t, x)

∂tj−1

∣∣∣
t=0
− µ∂

j−1u(t, x)

∂tj−1

∣∣∣
t=T

= ϕr+j(x), j = 1, . . . , l,

(2)

äå (λ1, . . . , λn) ∈ Πp, µ ∈ C\{0}, 1 ≤ r < n, l = n− r. Çàäà÷ó (1), (2) áóäåìî
íàçèâàòè ïî÷àòêîâî-íåëîêàëüíîþ çàäà÷åþ, îñêiëüêè óìîâè (2) ìiñòÿòü â
ñîái ïî¹äíàííÿ r ïî÷àòêîâèõ óìîâ äëÿ øóêàíîãî ðîçâ'ÿçêó â òî÷öi t = 0
i l íåëîêàëüíèõ óìîâ, ÿêi ïîâ'ÿçóþòü çíà÷åííÿ öüîãî ðîçâ'ÿçêó òà éîãî
ïîõiäíèõ íà êiíöÿõ âiäðiçêó [0, T ].

Îñíîâíîþ ìåòîþ ðîáîòè ¹ âñòàíîâëåííÿ ðåçóëüòàòó ïðî êîðåêòíó ðîçâ'ÿ-
çíiñòü çàäà÷i (1), (2) â ïðîñòîðàõ åêñïîíåíöiéíîãî òèïó äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ ~λ ∈ Πp ïðè äîâiëüíèõ ôiêñîâàíèõ T i µ.

Äàíà ðîáîòà áëèçüêî ïðèìèêà¹ äî ðîáiò [1, 2], ðîçâèâà¹ òà äîïîâíþ¹ ¨õ.
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Ïðî îäíó íåêëàñè÷íó ìîäåëü âçà¹ìîäi¨ ôiðì â
òåðìiíàõ êîíöåïöi¨ ðiâíîâàãè çà Íåøîì

Êîñàðåâè÷ Êàòåðèíà Âiêòîðiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

katia_kosarevych@mail.ru

Ðîçãëÿíåìî ìîäåëü êiëüêiñíî¨ êîíêóðåíöi¨ ôiðì-âèðîáíèêiâ îäíîðiäíîãî
ïðîäóêòó íà ðèíêó ÿê ãðó n îñiá, ùî ïðèéìàþòü ðiøåííÿ â äèíàìi÷íîìó
âèïàäêîâîìó ñåðåäîâèùi.

Îáñÿã âèïóñêó i-¨ ôiðìè ç òî÷êè çîðó ¨¨ êîíêóðåíòiâ ¹ âèïàäêîâîþ âå-
ëè÷èíîþ xi, i ∈ {1, ..., n}. Íåõàé äëÿ âåêòîðà x = (x1, ..., xn) ∈ X, X =∏n
i=1[αi, βi], çàäàíà ùiëüíiñòü ðîçïîäiëó f(x). Ïðèïóñòèìî, ùî êîæåí ãðà-

âåöü âîëîäi¹ iíôîðìàöi¹þ ïðî ðîçïîäië âèïóñêiâ iíøèõ âèðîáíèêiâ. Ïîâå-
äiíêó i-ãî ãðàâöÿ îïèñó¹ ôóíêöiÿ qi(x′i), i ∈ {1, ..., n}, ùî ôîðìó¹òüñÿ íà
îñíîâi âiäîìî¨ éîìó iíôîðìàöi¨ ïðî òèï ðîçïîäiëó âèïóñêiâ êîíêóðåíòiâ,
ïðè÷îìó x′i = (xk)k∈I(i) , I

(i) ⊆ {1, ..., n}. Íåõàé q = (q1(x′1), ..., qn(x′n)) �
âåêòîð ïîâåäiíêè ãðàâöiâ, äå q ∈ Y =

∏n
i=1 Yi, qi(x

′
i) ∈ Yi ⊆ C1(X). Íàäàëi

ââàæàòèìåìî ∂qi(x
′
i)

∂xk
= 0, k /∈ I(i), i ∈ {1, ..., n}.

Â òåðìiíàõ âçà¹ìîäi¨ ôiðì öiëüîâîþ ôóíêöi¹þ i-ãî ãðàâöÿ ¹ éîãî ñïî-
äiâàíèé ïðèáóòîê πi = E[πi(x, q(x

′
i))], äå πi(·) � ïðèáóòîê i-¨ ôiðìè ïðè

äåòåðìiíîâàíèõ ðiâíÿõ âèïóñêó êîíêóðåíòiâ. Òàêèì ÷èíîì, çàäà÷ó ìàêñè-
ìiçàöi¨ ïðèáóòêó äëÿ i-¨ ôiðìè

πi =
∫ β1

α1
...
∫ βn
αn

πi(x, q1(x′1), ..., qn(x′n))f(x)dx → max
qi∈Qi

, i ∈ {1, ..., n}, äå

Qi = {qi : ∂qi(x)
∂xk

= 0 (k /∈ I(i)), qi ∈ C2(X)}
áóäåìî ðîçãëÿäàòè ÿê íåêîîïåðàòèâíó ãðó n îñiá iç ñòðàòåãiÿìè q1(x), ..., qn(x)
òà ôóíêöiÿìè âèãðàøó π1(q), ..., πn(q) âiäïîâiäíî.

Íåõàé πi(x, q) =
(
a− b

∑
i∈I qi(x

′
i)
)
qi(x

′
i) − ciqi(x

′
i), ∀i ∈ {1, ..., n}, äå∑

i∈I qi(x
′
i) � îáñÿã òîâàðó, âèðîáëåíîãî (i ïðîäàíîãî) óñiìà ôiðìàìè, a > 0

� ïîòåíöiàë ðèíêó (ìàêñèìàëüíî ìîæëèâà öiíà ïðîäóêöi¨ íà ðèíêó), b�
ïîêàçíèê åëàñòè÷íîñòi ïîïèòó (çíèæåííÿ öiíè ïðè îäèíè÷íîìó çáiëüøåí-
íi îá'¹ìó ïðîäóêöi¨) íà ðèíêó. Òîäi çàäà÷à ìàêñèìiçàöi¨ ïðèáóòêó äëÿ i-¨
ôiðìè íàáóäå âèãëÿäó
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πi =
∫ β1

α1
...
∫ βn
αn

((
a− b

∑
i∈I qi(x

′
i)
)
qi(x

′
i)− ciqi(x′i)

)
f(x)dx → max

qi∈Qi
, i ∈

{1, ..., n}, äå Qi = {qi : ∂qi(x)
∂xk

= 0 (k /∈ I(i)), qi ∈ C2(X)}
Â ìåæàõ äàíîãî ïðèïóùåííÿ ïðî âèãëÿä ôóíêöiîíàëó πi(x, q) òà ïðè-

ïóùåííÿ ïðî íåçàëåæíiñòü êîìïîíåíò âåêòîðà x çíàéäåíî ðîçâ'ÿçîê äàíî¨
çàäà÷i ó âèïàäêó n = 2 â òåðìiíàõ ïîøèðåíî¨ â ñó÷àñíié òåîði¨ iãîð êîíöå-
ïöi¨ ðiâíîâàãè çà Íåøîì [1].

[1] Nash J. F. Noncooperative games // Ann.Math. - 1951. - 45. - P.286-295.

Ïðî iñíóâàííÿ òà ¹äèíiñòü îïòèìàëüíèõ iíâåñòèöié â
áiíîìiàëüíié öiíîâié ìîäåëi

Ïiäêóéêî Ñåðãié Iâàíîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

pidkuyko@gmail.com

Áàá'ÿê Ìèêîëà Âàñèëüîâè÷

CERGE-EI, Prague, Czech Republic

mykola.babyak@gmail.com

Ðîçãëÿäà¹òüñÿ Çàäà÷à II îïòèìàëüíèõ iíâåñòèöié [1]. Äîâåäåíî òàêi ðå-
çóëüòàòè.

Òåîðåìà 1 Íåõàé ôóíêöiÿ êîðèñíîñòi U : (a, b)→ R çàäîâiëüíÿ¹ óìîâè:

(i) U ñòðîãî îïóêëà ââåðõ,

(ii) U íå ìà¹ ëîêàëüíèõ åêñòðåìóìiâ,

(iii) U äèôåðåíöiéîâíà íà (a, b),

(iv) U ′(x)→ 0, x→ b−, U ′(x)→ +∞, x→ a+.

Íåõàé çàäàíî N -ïåðiîäíó áåçàðáiòðàæíó áiíîìiàëüíó öiíîâó ìîäåëü ç éìî-
âiðíîñòÿìè p, q > 0 òà áåçðèçèêîâîþ âiäñîòêîâîþ ñòàâêîþ r > 0. Òîäi

∀X0 ∈
(

a

(1 + r)N
,

b

(1 + r)N

)
(1)
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iñíó¹ é äî òîãî æ ¹äèíèé ñòðîãèé ëîêàëüíèé ìàêñèìóì çàäà÷i

E[U(XN )]→ max, (2)

çà óìîâè

Ẽ
[

XN

(1 + r)N

]
= X0. (3)

Òåîðåìà 2 Íåõàé ôóíêöiÿ êîðèñíîñòi U : (a, b)→ R çàäîâiëüíÿ¹ óìîâè:

(i) U ñòðîãî îïóêëà ââåðõ,

(ii) U íå ìà¹ ëîêàëüíèõ åêñòðåìóìiâ,

(iii) U äèôåðåíöiéîâíà íà (a, b),

(iv) U ′(x)→ 0, x→ b−, U ′(x)→ +∞, x→ a+.

Íåõàé çàäàíî N -ïåðiîäíó áåçàðáiòðàæíó áiíîìiàëüíó öiíîâó ìîäåëü ç éìî-
âiðíîñòÿìè p, q > 0 òà áåçðèçèêîâîþ âiäñîòêîâîþ ñòàâêîþ r > 0. Òîäi

∀X0 ∈

(
a

N∑
n=0

1

(1 + r)N
, b

N∑
n=0

1

(1 + r)N

)
(4)

iñíó¹ é äî òîãî æ ¹äèíèé ñòðîãèé ëîêàëüíèé ìàêñèìóì çàäà÷i

E

[
N∑
n=0

αnU(Cn)

]
→ max, (5)

çà óìîâè

Ẽ

[
N∑
n=0

Cn
(1 + r)n

]
= X0, (6)

äå C = {C0, ..., CN} àäàïòîâàíèé ñòîõàñòè÷íèé ïðîöåñ, α0, . . . , αn äîâiëü-
íèé ôiêñîâàíèé íàáið äîäàòíiõ ÷èñåë.

[1] Shreve S.E. Stochastic Calculus for Finance I., //Springer-Verlag, New York: 187 p.,
2004.
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Ïðî àïðîêñèìàöiþ ïåðåäáà÷óâàíî¨ âîëàòèëüíîñòi â
ìîäåëÿõ ëîêàëüíî¨ âîëàòèëüíîñòi
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Íåõàé öiíà äåÿêîãî áàçîâîãî àêòèâó S çàäîâiëüíÿ¹ ñòîõàñòè÷íå äèôå-
ðåíöiàëüíå ðiâíÿííÿ

dSt
St

= σ(St, t)dWt,

äå σ(St, t) � ôóíêöiÿ ëîêàëüíî¨ âîëàòèëüíîñòi, Wt � äåÿêèé Âiíåðiâñüêèé
ïðîöåñ.

Íåõàé C(S0,K, T ) ïîçíà÷à¹ âàðòiñòü äåÿêîãî ¹âðîïåéñüêîãî call-îïöiîíó çi
ñïîò-öiíîþ S0, ñòðàéê-öiíîþ K òà òåðìiíîì âèêîíàííÿ T, CBS(S0,K, σ, T )
� ôîðìóëó Áëåêà-Ñêîóëçà äëÿ öüîãî call-îïöiîíó, σBS � ïåðåäáà÷óâàíó
âîëàòèëüíiñòü Áëåêà-Ñêîóëçà, òîáòî

C(S0,K, T ) = CBS(S0,K, σBS , T ).

Íåõàé ñïðàâåäëèâà àñèïòîòèêà ïåðåäáà÷óâàíî¨ âîëàòèëüíîñòi

σBS(t, T ) = σBS,0(t) + σBS,1(t)(T − t) + σBS,2(t)(T − t)2+

+ σBS,3(t)(T − t)3 +O
(
(T − t)4

)
, t→ T.

Òîäi,

σBS,3 =
σ3
BS,0

ξ2

(
15a(K, t) + 5d2at(K, t)

d4a(K, t)
+
att(K, t)

2a(K, t)
+

+

(
5

d2
+
at(K, t)

a(K, t)

)
u1(s,K, t)

u0(s,K, t)
+
u2(s,K, t)

u0(s,K, t)

)
+

+σBS,0

(
−σBS,2
σBS,0

+

(
σBS,1
σBS,0

)2
)
− 2ξ2

σBS,0

(
σBS,1 σBS,2

σ2
BS,0

−
σ3
BS,1

σ3
BS,0

)2

+
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+
1

2σ2
BS,0

(
3σ2

BS,0 σBS,1 + σ5
BS,0

(
− 3

ξ2
− 1

8

))
+

+
1

ξ2

(
3σBS,0 σ

2
BS,1 + 3σ2

BS,0 σBS,2 + 5σ4
BS,0 σBS,1

(
− 3

ξ2
− 1

8

)
+

+ σ7
BS,0

(
15

ξ4
+

5

8ξ2
+

1

128

))
,

äå

σBS,0 =
ξ

d

� BBF-íàáëèæåííÿ [1],

σBS,1 =
ξ

d3
ln

[
a(K, t)u0(s,K, t) d

ξ
√
sK

]
� íàáëèæåííÿ Àíði-Ëàáîðäåðà [3],

σBS,2 = −3σBS,1
d2

+
3σ2

BS,1

2σBS,0
+

ξ3

8d5
+

ξ

d3

[
at(K, t)

a(K, t)
+
u1(s,K, t)

u0(s,K, t)

]
� íàáëèæåííÿ �àòåðàëà [2],

a(s, t) = s σ(s, t), d(K, s, t) =

∫ s

K

dη

a(η, t)
, ξ = ln

s

K
,

à ôóíêöi¨ ui(s,K, t) îá÷èñëþþòüñÿ çà ôîðìóëàìè:

u0(s,K, t) =

√
a(s, t)

a(K, t)
exp

[
−
∫ s

K

dt(K, η, t)

a(η, t)
dη

]
,

ui(s,K, t) =
u0(s,K, t)

d(K, s, t)i

∫ s

K

d(K, η, t)i−1

u0(η,K, t)

(
1

2
a(η, t)2 ∂

2ui−1

∂η2
+
∂ui−1

∂t

)
dη

a(η, t)
,

i = 1, 2.

[1] Berestycki, H., Busca, J., and Florent, I. Computing the Implied Volatility in
Stochastic Volatility Models., //Communications on Pure and Applied Mathematics,
LVII: 1352-1373, 2004.

[2] Gatheral, J., Hsu, E. P., Laurence, P., Ouyang, C., and Wang, T.-H. Asymptotics of
Implied Volatility in Local Volatility Models., //Mathematical Finance, 2010.

[3] Henry-Labordere, P. A General Asymptotic Implied Volatility for Stochastic Volatility
Models., //Working Paper, 2005.
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